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ABSTRACT

Stochastic Modelling of New Phenomena in Financial Markets

by

Mesias Alfeus

The Global Financial Crisis (GFC) has revealed a number of new phenomena in finan-

cial markets, to which stochastic models have to be adapted. This dissertation presents

two new methodologies, one for modeling the “basis spread“, and the other for “rough

volatility“. The former gained prominence during the GFC and continues to persist, while

the latter has become increasingly evident since 2014.

The dissertation commences with a study of the interest rate market. Since 2008, in

this market we have observed “basis spreads“ added to one side of the single-currency

floating-for-floating swaps. The persistence of these spreads indicates that the market is

pricing a risk that is not captured by existing models. These risks driving the spreads

are closely related to the risks affecting the funding of banks participating in benchmark

interest rate panels, specifically “roll-over“ risk, this being the risk of not being able to

refinance borrowing at the benchmark interest rate. We explicitly model funding liquidity

and credit risk, as these are the two components of roll-over risk, developing first a model

framework and then considering a specific instance of this framework based on affine

term structure models.

Subsequently, another specific instance of the model of roll-over risk is constructed

using polynomial processes. Instead of pricing options through closed-form expressions

for conditional moments with respect to observed process, the price of a zero-coupon bond

is expressed as a polynomial of a finite degree in the sense of Cheng & Tehranchi (2015).

A formula for discrete-tenor benchmark interest rates (e.g., LIBOR) under roll-over risk

is constructed, which depends on the quotient of polynomial processes. It is shown how

such a model can be calibrated to market data for the discount factor bootstrapped from



the overnight index swap (OIS) rate curve.

This is followed by a chapter in which a numerical method for the valuation of fi-

nancial derivatives with a two-dimensional underlying risk is considered, in particular as

applied to the problem of pricing spread options. As is common, analytically closed-form

solutions for pricing these payoffs are unavailable, and numerical pricing methods turn

out to be non-trivial. We price spread options in a model where asset prices are driven

by a multivariate normal inverse Gaussian (NIG) process. We consider a pricing problem

in the fixed-income market, specifically, on cross-currency interest rate spreads and on

LIBOR-OIS spreads.

The final contribution in this dissertation tackles regime switching in a rough-volatility

Heston model, which incorporates two important features. The regime switching is mo-

tivated by fundamental economic changes, and a Markov chain to model the switches in

the long-term mean of the volatility is proposed. The rough behaviour is a more local

property and is motivated by the stylized fact that volatility is less regular than a standard

Brownian motion. The instantaneous volatility process is endowed with a kernel that in-

duces rough behaviour in the model. Pricing formulae are derived and implemented for

call and put options using the Fourier-inversion formula of Gil-Pelaez (1951).
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Chapter 1

Introduction

1.1 Preamble

The effects and consequences of the Global Financial Crisis (GFC) in the context

of financial mathematics option pricing models have led to a need to re-evaluate long-

standing assumptions underpinning models of the dynamics of interest rate markets. Ad-

ditional considerations are other features recently observed in the financial markets, such

as market volatility regime changes, and the rough paths of stochastic volatility.

The interbank money market is the market for interest rate sensitive instruments such

as forward rate agreements (FRA), interest rate swaps (IRS), coupon bonds and their

derivatives. This market underwent significant changes after the GFC. Prior to the GFC,

there was no distinction of tenor 1. The persistent basis spread2 is an indication of risk

premia quoted in the market. As a result, term structure models for interest rates need

to be modified in a mathematically consistent manner in order to take into account these

phenomena. For this reason, term structure models for interest rates in the post-crisis

environment have changed at every level of complexity.

Since the crisis, the market of interest rates has spurred a need for effective models of

interest rates for risk management purposes and for the valuation of fixed-income securi-

ties. In particular, there are now risks perceived in the market that were there previously

but essentially neglected in pricing model dynamics. The consequence is that many of the

1i.e., the length of the period to which the floating rate applies
2i.e., a spread applied to one leg of a swap to exchange one floating interest rate for another of a different

tenor in the same currency
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standard textbook arbitrage relationships between spot, forward and swap markets are no

longer valid, even in approximation and after taking bid-ask spreads or transaction costs

into consideration. For example, in the introductory textbook of Hull (2008) to derivative

securities, we are told that forward rate agreements (FRA) were replicated by the implied

forward rates, i.e. (let F (t;T1, T2) denote the simple forward rate at time t for the period

[T1, T2]). In fact, all standard textbooks on fixed-income teach a fundamental relationship

between forward rates: If t ≤ T1 < T2 < T3,

1 + F (t;T1, T3)(T3 − T1) = (1 + F (t;T1, T2)(T2 − T1)) (1 + F (t;T2, T3)(T3 − T2)) .

Although this relationship was based on the fundamental principle of no-arbitrage

and the law of one price, from the 9th of August 2007, in particular it broke apart and has

remained broken ever since.

The most common interest rate instrument is the London interbank offered rate or

LIBOR. Globally, it is estimated that a total of approximately $150 trillion of financial

products are indexed to LIBOR, and many derivatives based on LIBOR are traded on

futures exchanges. LIBOR dates back to the early 1980s and was developed by the British

Bankers’ Association (BBA) to measure inter-bank funding costs3. A panel of banks with

quality credit ratings are chosen by BBA and required to report the rate at which they

perceive they could raise unsecured funds. The precise LIBOR submission question is,

“At what rate could you borrow funds, were you to do so by asking for and then accepting

interbank offers in a reasonable market size just prior to 11 am”.

LIBOR, an indicative trimmed arithmetic average of submissions by AA-rated banks,

has been used synonymously to a risk-free rate. Various risk factors remained dormant

3As of 2014, LIBOR is administered by the Intercontinental Exchange (ICE) - a parent company of the
New York Stock Exchange
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in LIBOR until the height of the GFC. At this time, it became clear that LIBOR was

incomparable to the expected overnight interest rates accumulated over the same term.

The spreads between LIBOR and overnight index swap (OIS) rates increased significantly.

Moreover, the basis spread in swaps and forwards was quoted at higher levels than before

the GFC, increasing tremendously (and peaking) during the crisis, but never returning to

the pre-crisis level. Basis spreads have remained outside arbitrage bounds until today.

The widening spread spurred the development of new ideas for derivative pricing in this

context. To price a derivative with the LIBOR as the underlying requires the LIBOR

forward rate curve for generating cash flows and an appropriate discount curve to discount

the associated cash flows. Prior to the crisis, the LIBOR curve was used for both purposes,

and this changed post-GFC. We assert that mathematical models for the term structure of

interest rates need to be modified but not in an ad-hoc adjustment, rather they need to be

constructed with a consistent approach as driven by the new market realities, and with a

broader range of practical application.

Below, we give a brief synopsis on different methodologies adopted in the literature

for the term structure of interest rates.

1.1.1 Overture to post-crisis modelling

Interest rate instruments continue to dominate the global over-the-counter (OTC) traded

derivatives. As depicted in Figure 1.1, at least for the past decade, interest rate instruments

have been dominating the global financial market. Interest rate instruments include bonds,

swaps, swaptions, and caps/floors, to mention a few. Interest rate derivative contracts re-

quire state-of-the-art models, i.e., appropriate, analytically tractable (fast calibration) and

stochastic models for the dynamics of the term structure of interest rates for risk manage-

ment purposes (e.g., for pricing and hedging purposes) that should be rich in structure.
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Figure 1.1 : Global OTC derivatives outstanding contracts

A plain-vanilla interest rate swap is an OTC agreement contract that exchanges fixed

against floating rates (usually linked to LIBOR rates). A swap contract is specified by

maturity, which determines the length of the contract, and each leg of a swap has a tenor,

i.e., the maturity of the reference rate. An OIS is a fixed/floating interest-rate swap in

which the floating leg is linked to an index of daily overnight rates. A money market

basis swap4 is a type of swap contract that exchanges two cash flows that are both based

on the floating rate (LIBOR) but with different tenors, e.g., the 3-month LIBOR for the

6-month LIBOR.

Pricing a basis swap contract based on standard textbook formulae dictates that a basis

swap is fair if neither party pays an additional spread on top of its interest instalment. This

basis spread very slightly contributed to arbitrage profit and as such it was safely ignored

in the pre-crisis pricing dynamics. The behavioural characteristics of the basis spread

means the pre-crisis assumptions with regard to the behaviour of interest rates no longer

hold. Rates that were compatible in the past are now following distinct dynamics and

need to be modelled as separate entities.

4We sometimes refer to tenor swap to indicate the spread added to one leg of the contract in a single
currency
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The GFC has created a phenomenon that previously was not considered for the most

part in the interest rate literature. Since the beginning of the GFC, it became an essential

feature of the interest rate market. There is now a substantial spread between floating rates

of different tenors. As a result, the interest rate market has become segmented. Before the

crisis, one just needed one term structure for a particular credit rating, for example, AA.

With a counterparty of equivalent credit rating, it makes a difference whether to enter

a swap contract which exchanges 3-month versus 6-month LIBOR or 3-month versus

12-month LIBOR. There are now different dimensions: the maturity dimension, credit

quality dimension and tenor dimension. The additional tenor dimension segmented the

market further. Unlike before the crisis, there is now a distinction between tenors. The

presence of the tenor structure exacerbates various levels of risk premiums for different

tenors. This has become one of the important features that every post-GFC model for the

term structure of interest rates should at least try to accommodate. As such, pricing and

risk management of basis swaps is a more delicate task post-GFC and requires careful

consideration.

In response to these new recent developments, practitioners and academics have de-

vised various pragmatic approaches. The first approach to the modelling of interest rate

derivatives in the post-crisis is the multi-curve framework, which involves building mul-

tiple yield curves, each for a specific tenor5. The bulk of the literature on modelling basis

spreads is in a sense even more “reduced–form“ than what we propose here, in the sense

that basis spreads are recognized to exist and are modelled to be either deterministic or

stochastic in a mathematically consistent fashion. However, there are no structural links

between term structures of interest rates for different tenors (in a sense, the analogue of

this approach applied to credit risk would be to model stochastic credit spreads directly,

without any link to probabilities of default and losses in the event of default).

5In pre-crisis modelling - a single curve was used for both forecasting and discounting purposes in each
currency, for all tenors
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Many perceived this multi-curve to be neither a theoretically sound framework nor

future proof; it is still under development in terms of the mathematical construction ac-

cording to Henrard (2014). It is still emerging, and there are still many researchers trying

to resolve this multi-curve paradox. For example, in his recent study, Mercurio (2018)

demonstrated that the multi-curve framework is about to become more complex given

recent changes in regulation. He showed that although the multi-curve seems to be the

prevailing standard technique for pricing linear interest rates derivatives, it is not ade-

quate to price LIBOR futures. As a result, the model of Mercurio (2018) reconstructed

the multi-curve framework to incorporate the convexity adjustment that uses the volatility

of both the LIBOR and OIS rates and the correlation between them.

Furthermore, as a consequence of the GFC, much research in recent years has fo-

cused on establishing fundamental explanations of the basis spread in terms of various

fundamental risk factors. In lieu of adopting such a fundamental approach, we take these

anomalies as driven by the market realities, i.e., risks newly perceived in this market. Fig-

ure 1.2 shows the spread between 3-month and 6-month LIBOR rates or between over-

index swap (OIS) and LIBOR of the same maturity after the GFC. Before the GFC, these

rates were in sync. The OIS rates are typically the best estimates of the mean expecta-

tion for central banks’ policy rates (see Morini (2011, p. 175)). The spread between the

LIBOR and OIS rate generally reflects both the credit and funding liquidity risks in the in-

terbank market. The former US Federal Reserve Chairman Alan Greenspan notably said

“LIBOR-OIS spread remains a barometer of fears of bank insolvency“, see also Stenfors

(2017). The segmentation of interest rates in the market indicates that the quoted interest

rates are no longer consistent with one another (indeed, it reminds us about the market

segmentation hypothesis). As alluded to earlier, such evolution of different interest rates

has triggered the multi-curve approach to interest rate modelling. The single curve ap-

proach has been refined to a new methodology of the multi-curve framework in which

each rate is modelled as a separate quantity characterized by separate internal dynam-
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Figure 1.2 : The market observed 3M LIBOR - OIS spread.

ics to account for its own liquidity and credit risk premium, and in this way, it allows a

reflection for different views and interests of the market participants.

As an example, suppose you want to establish an arbitrage strategy that enables you

to take advantage of the basis spread. In this case, you have to borrow at shorter tenor,

roll–over and then lend (or invest) at longer tenor. Then, you are exposed to roll-over

risk because you cannot close them out simultaneously (for a detailed explanation of the

arbitrage strategy, see Table 2.1).

We model LIBOR and OIS with roll-over risk. We take OIS to be the best proxy for

the risk free rate. Note that although a significant part of the “multi-curve“ interest rate

modelling literature mentioned in the introduction heuristically advances the argument

that (mainly due to its short maturity) the interbank overnight rate is essentially free of

default risk, in intensity–based models of default, this is incorrect even in the instanta-

neous limit. In our modelling, we do not require this argument. Instead, it suffices that
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OIS is the appropriate rate at which to discount payoffs of any fully collateralised deriva-

tive transaction under the credit support annex (CSA) to the ISDA master agreement (for

a detailed survey of current market practice, refer to ISDA (2010)), which requires coun-

terparties to post collateral as the mark-to-market value of the swap changes.

The fundamental question is why then borrow at a risky LIBOR if you can do that at a

risk free rate - OIS? Why not borrow and roll–over at OIS and eliminate interest rate risk

by entering OIS to obtain cheaper fixed rates against 3-month or 6-month LIBOR? This

is because of the roll–over risk. We assert that this roll–over risk prohibits an arbitrageur

to take advantage of such strategy and it consists of two components, namely, a credit

risk component due to the possibility of being downgraded and thus facing a higher credit

spread when attempting to roll over short–term borrowing, and a component reflecting the

(systemic) possibility of being unable to roll over short–term borrowing at the reference

rate (e.g., typically LIBOR) due to an absence of liquidity in the market. A major focus

for this thesis is to explicitly model this roll-over risk. The approach is “reduced–form“

in the sense that it abstracts from structural causes of components of roll-over risk — in

this sense, our approach is closest in spirit to the “reduced–form” models of credit risk,

doing for basis spreads what those models have done for credit spreads. The framework

which we propose below departs from that of Chang & Schlögl (2015) in that, rather than

focusing exclusively on basis swaps, we treat OIS, XIBOR, vanilla and basis swaps in a

unified framework, as well as calibrating credit risk to credit default swaps, and model

both the credit and funding liquidity components of roll-over risk in a “reduced–form“

manner.

The last part of this study is inspired by the recent observations about market volatility

based on the realized variance on the S&P 500 index (see Gatheral, Jaisson & Rosenbaum

(2018)). Through the economic analyses, it is observed that volatility paths exhibit tra-

jectories that are less regular than for classical Brownian motion. There is an attractive
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widespread volume of literature on rough volatility models6 that takes into account this

feature. The consequences are that stochastic volatility models need to be adjusted to

capture this feature.

Moreover, it is empirically proven that at-the-money implied volatility exhibits regime

shifts. Derman (1999) shows that the slope of the volatility smile is independent of the

current level of volatility. In addition, when volatility changes, the slope of the volatility

smile remains constant. The level of volatility differs in various market regimes. These

features are shown in Figure 1.3. In particular, Figure 1.3b displays that log realized

variance exhibits a scaling property. As evident from this graphical representation, clas-

sical models for stochastic volatility are incapable of addressing and incorporating these

features. To take into account fundamental economic changes and long term volatility

modelling, it is natural to consider regime switching volatility models first studied by

Hamilton & Susmel (1994).

We study the model of Heston (1993) by allowing regime switching in the long-run

mean of volatility modulated by a Markov chain and having an instantaneous volatility

process with rough trajectories. It is a challenging exercise from the pricing point of view

because the model construction we obtain is a non-Markov, non-semimartingale structure.

1.2 Literature Review

This section covers the discussion of different approaches adopted in the literature

in response to phenomena observed in financial markets. The first part in Section 1.2.1

of this study is related to the literature of the multi-curve framework that was developed

over the past decade in response to changes that occurred within the interest rate markets

6Emerged from the fractional stochastic volatility (FSV) model Comte & Renault (1998) for long mem-
ory where the Hurst parameter is close to zero and the mean reversion speed is chosen to be small enough.
Rough volatility models introduce a kernel in the instantaneous volatility process. This kernel is borrowed
from Mandelbrot & Van Ness (1968) representation for fractional Brownian motion, and for the Hurst pa-
rameter close to zero, it explodes and as such it essentially causes volatility trajectories to be less regular or
rough, henceforth the name rough volatility.
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Figure 1.3 : Volatility phenomena

when the GFC erupted. In Section 1.2.2, we review classes of stochastic dynamics which

we will use to construct specific instances of our model framework. To price derivative

financial products in which no closed-form solution exists, we usually resort to numeri-

cal solutions via various methodologies such as Fourier-based methods and Monte Carlo

simulation. The purpose of Section 1.2.3 is to review numerical methods for pricing non-

linear derivative products from one to two dimensions. Additionally, in the last part in

Section 1.2.4, we dive into a discussion of the recent phenomenon of rough volatility that

became popular in the literature of stochastic volatility models.
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1.2.1 Multi-curve paradigm

The literature for multi-curve feature has received a massive focus from research pa-

pers over the last 10 years, mainly on modelling risks associated with the observed basis

spreads. The existing literature claims these risk premiums are driven by default risk

or counterparty risk, and liquidity risk. Some conclude that it is a combination of the

two. However, by virtue of the fact that basis swaps are collateralised derivatives, strictly

speaking, default risk has very little effect in explaining the phenomenon because this risk

for an AA-rated panel bank it is already priced into the contract. Hence, default risk is

not one of the fundamental aspects of the large observed spread.

One may wonder as to why banks are hesitant to take advantage of such spread by do-

ing the usual business; borrowing at shorter maturity and lending at longer maturity? As

pointed out by Chang & Schlögl (2015), “if such phenomenon presents arbitrage opportu-

nities, then clearly those opportunities are not yet well exploited“. The direct consequence

of that arbitrage strategy is the “roll-over risk‘’. This is a risk faced by an arbitrageur with

rolling over commitments in which he is unable to roll over the short term borrowing

because of an unforeseen development in the interbank market. Examples include the

unexpected deterioration in the creditworthiness of the borrowing bank and other unex-

pected changes in the demand for liquidity both at the lending bank and in the market. In

this work, we contend that the apparent arbitrage opportunity is in fact not riskless due to

the complex roll-over risk dynamics.

The multi-curve framework literature is vast. A review of the most germane literature

follows. Typically, we split the literature of modelling the basis spread into two streams.

On the one hand, we have the pragmatic approaches that are mainly focused on derivative

pricing by recognizing the existence of basis spreads, different term structures for each

tenor and the spread between tenors, but that do not truly deeply investigate the structural

causes of this phenomenon. As such, basis spreads are modelled to be either determinis-
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tic or stochastic in a mathematically consistent fashion, but there are no structural links

between term structures of interest rates for different tenors (in a sense, the analogue of

this approach applied to credit risk would be to model stochastic credit spreads directly,

without any link to probabilities of default and losses in the event of default). On the

other hand, we have the fundamental approaches that attempt to model the risks by justi-

fying the persistence of such a money market basis spread. For the latter, many of these

approaches are based on econometric estimations where one takes a proxy for the risk

factors and performs nonlinear regression analysis on the basis spread against the proxy.

Prior to the GFC, some of the inconsistencies in interest rate derivatives valuation

were already known but unfortunately were not taken into account. For instance, the fore-

runner papers are the contributions by Fruchard, Zammouri & Willems (1995), Tuckman

& Porfirio (2003), Boenkost & Schmidt (2004) who foresaw the inconsistency in basis

swaps in the cross-currency swap market valuation in the presence of a basis spread. In

their approach, Fruchard et al. (1995) construct a model where the discounting curve and

forward rate curves are distinct to price cross-currency swaps. However, their approach

neglected the possibility of a basis spread between XIBOR of different tenors. Tuckman

& Porfirio (2003) also study cross-currency swaps. They were among the first to derive

interest rate parity conditions based on a basis swap spread and showed that there is credit

risk in one leg of the floating rate. Most of these modelling suggestions from the cross-

currency swaps market were subsequently adapted by Kijima, Tanaka & Wong (2009) to

model a single-currency basis spread.

As the crisis became profoundly visible, Henrard (2007), Henrard (2010) was one of

the first researchers in the literature of the multi-curve framework to give an account of

the inconsistencies in the practice of interest rate derivatives pricing in a single currency

using a basis spread-based model. The use of multi-curves emanated from this work, in

which the author highlighted the market preferences for payment with different frequen-

cies, and the switching from LIBOR to the OIS discounting methodology (the funding
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curve). Finally, he took an axiomatic approach to the problem, modelling a deterministic

multiplicative spread between term structures associated with different tenors. A sound

theoretical framework for modelling spreads between rates in a reduced–form analogy

was developed by Morini (2009). In particular, assuming no liquidity risk, he introduced a

stochastic default probability model. The author pointed out that the spread between rates

can be recovered when both credit and liquidity risk are incorporated into the modelling

dynamics. However, this was perceived to be a difficult task without liquidity risk the-

ory in place, see Morini (2011, p.175). Mercurio (2009), Bianchetti (2010a), Bianchetti

(2010b), also applied the multi-curve methodology to single currency to explore the large

market observed basis spread. Mercurio (2009) gave a detailed discussion about the ma-

jor changes in the market quotes after the GFC. He proposed an arbitrage trading strategy

between FRA and the implied forward rate and concluded that it does not constitute an

arbitrage opportunity. In fact, the spread between these rates represents the market ex-

pectation about future estimates for the credit and liquidity premiums. He pointed out

that credit risk alone is inherently incapable of explaining the market behaviours, and this

observation agrees with the conclusion of Morini (2009). In his paper, Mercurio (2010)

further proposed an extension of the one-curve LIBOR market model for the basis be-

tween OIS and FRA that incorporated volatility stochasticity. Modelling interest rates in

the presence of spreads between term structures of interest rates for different tenors was

further explored in different modelling contexts. For example, Kenyon (2010) consid-

ered a short-rate framework, Mercurio & Xie (2012) considered stochastic additive basis

spreads, Henrard (2013) developed a stochastic multiplicative basis spread, and Moreni

& Pallavicini (2014) considered parsimonious modelling and constructed a model of two

curves, risk-free instantaneous forward rates and forward LIBOR, which is Markovian in

a common set of state variables.

Ametrano & Bianchetti (2013) explored the impact of the multi-curve framework on

curve construction and the valuation of linear derivative products. In particular, they



14

split interest rates into sub-classes corresponding to the tenor frequency and considered a

single bootstrapping approach for each tenor frequency. In the same line, Fujii, Shimada

& Takahashi (2009) considered a term structure of the interest rate under collateralization,

and calibrated the term structure by factoring in the valuation adjustments (the CVA, DVA

and the FVA) to quantify the default probability. The crucial point worth mentioning here

is that all previous models in the multi-curve framework were not reconciled with the

requirement of the absence of arbitrage. Fujii et al. (2009) were the first to explicitly

achieve this requirement. Interest rate swaps pricing under funding cost and counterparty

risk was analysed intensively by Kijima et al. (2009) and Fries (2009). In the earlier paper

on collateral, Kijima et al. (2009) hinted about the impact and significance of collateral.

Fries (2009) conducted a similar study through the exploration of swap pricing under

funding cost and counterparty risk.

The model of Crépey (2015) links funding cost and counterparty credit risk in a credit

valuation adjustment (CVA) framework but does not explicitly consider spreads between

different tenor frequencies arising from roll–over risk. In their paper, Macrina & Ma-

homed (2018), have taken a pragmatic approach to model valuation in a segmented market

when the discount and forecasting rates are distinct in emerging markets. In particular,

they formulated a pricing kernel framework for multi-curve models (whether discount

count curves in different currencies, or real vs. nominal interest rates, or for different

tenors), but again, this approach does not attempt to model the structural links between

different term structures.

The question that keeps coming to mind is why is the market still quoting such a large

spread? In attempt to answer this, Bianchetti & Carlicchi (2012) gave an account on the

explosion of the basis swap spread and the broken OIS–LIBOR long standing relationship,

presented clear evidence about the significance of using collateral, and hinted about the

market reaction towards the multi-curve curve framework.
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Most of the previous literature focused on credit counterparty risk to incorporate

some of the potential causes of basis spreads (see for example Morini (2009), Bianchetti

(2010b)) attesting that liquidity risk is encapsulated in counterparty credit risk or default

risk. Studies have been conducted in effort to model liquidity risk separately. For exam-

ple, Crépey & Douady (2013) developed a framework to explicitly model liquidity risk

as the main driver of LIBOR–OIS spread. An important observation was pointed out by

Gallitschke, Müller & Seifried (2014) who developed a structural arbitrage-free model for

the interbank market to explain what drives the basis spread. Their model is composed

of three risk components: interest rate risk, credit risk and liquidity risk. Liquidity risk

is defined as the risk of a money market freeze. In their structural explanation of basis

spreads, post-crisis XIBOR-OIS spreads are generated by both credit and liquidity risk,

while tenor basis spreads can chiefly be attributed to funding liquidity risk.

Studies have been conducted in an attempt to precisely separate liquidity from credit

in the spreads over risk-free rates from the fundamental point of view of econometric es-

timation. Michaud & Upper (2008), Schwarz (2010), Poskitt (2011), Taylor & Williams

(2009) are the first stream in the literature to study the widening of the 3-month LIBOR–

OIS spread and attempted to decompose it into default and liquidity components. Poskitt

(2011) decomposed the spread into two components: liquidity and credit risk by using

CDS written on LIBOR panel banks as a proxy for the credit risk embedded in market

rates and the bid-ask spread together with the number of active dealers as a proxy for

the liquidity component. The regression results show that the liquidity component sig-

nificantly affects the credit component, whereas the credit component has no effect on

the liquidity component. While Michaud & Upper (2008), Schwarz (2010) showed that

on the short end of the term structure of interbank rates, liquidity has a major contribu-

tion to the spread, and explains the LIBOR–OIS spread ahead of credit risk. In contrast

to this, Taylor & Williams (2009) could not find any significant role for liquidity in the

LIBOR-OIS spread, and they argued that LIBOR can be pushed up as the lender demands
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compensation for taking on default risk due to poor market liquidity or because of other

factors such as market stress conditions.

A fairly recent discussion regarding what drives interbank rates are the papers by Fil-

ipović & Trolle (2013), and Dubecq, Monfort, Renne & Roussellet (2016) who provided

a comprehensive discussion and econometric tests. They developed models for the term

structure of interbank risk from the time series data from the markets and provided em-

pirical evidence to the ongoing debate about the GFC. Filipović & Trolle (2013) define

“interbank risk” as “the risk of direct or indirect loss resulting from lending in the inter-

bank money market“. They assume the interbank rate as the main driver of the spread.

In the usual manner, they decomposed the term structure of interbank risk into default

and non-default (liquidity) components to study the associated risk premia. Filipović

and Trolle interpret the “default” component in terms of the risk of a deterioration of

creditworthiness of a LIBOR reference panel bank that results in it dropping out of the

LIBOR panel. In this case, the bank would immediately be unable to roll over debt at

the overnight reference rate, while the rate on any LIBOR borrowing would remain fixed

until the end of the accrual period (i.e., typically for several months). In their analysis,

this differential impact of downgrade risk on rolling debt explains part of the LIBOR/OIS

spread; the residual is labelled the “liquidity” component. It is important to note that both

components manifest themselves in the risk of additional cost when rolling over debt,

i.e., “downgrade risk” and “funding liquidity risk” that combine to form a total “roll–over

risk“, thereby showing that the default component dominates the interbank risk, while for

the short term contract, liquidity risk plays a major rule. However, in a quadratic-based

model of Dubecq et al. (2016), their result is counterintuitive to the previous one. Their

analysis covers a 6-year period (2007-2013) and based on econometric tests, shows that

liquidity risk generates most of the variations of the spreads and that credit risk is less

volatile.

Chang & Schlögl (2015) showed that if this large observed spread presents an arbi-
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trage opportunity, then by virtue of the persistent phenomenon, the arbitrage opportunities

have not been well exploited because of several risk factors, in particular the roll–over

risk, i.e., the risk incurred when borrowing at a shorter tenor versus lending at a longer

tenor.

Below we provide a review for the classes of the stochastic modelling framework.

1.2.2 Affine and polynomial term structure models

The affine processes are a class of continuous time-homogeneous Markov processes

that are popular for a broad range of financial applications, including the term struc-

ture of interest rate modelling, option pricing, stochastic volatility and credit risk mod-

elling. These processes unite the continuously branching processes with immigration

(CBI-processes) and Ornstein-Uhlenbeck processes that were common for stochastic mod-

elling in biology. For a thorough exposition on CBI processes, we refer the interested

readers to the works of Kawazu & Watanabe (1971) and for the Ornstein–Uhlenbeck

processes, see Ornstein & Uhlenbeck (1930). Affine processes are defined on a general

canonical state spaceD ⊂ Rn, with positive integer n, such that the logarithm of the char-

acteristic function of the transition distribution of such a process is affine with respect to

the initial state x ∈ D. The popularity for financial applications is mainly due to their

computational tractability and their rich structure that provides flexibility in reproducing

many of the empirical features observed in financial time series. For a rigorous trea-

tise and introduction to affine processes, we refer to Duffie, Filipović & Schachermeyer

(2003), Filipović (2001) and references therein.

As important as they are, the models of Vasicek (1977), Cox, Ingersoll & Ross (1985)

(CIR) and Heston (1993) exhibit affine properties. The CIR model is more mathematically

appealing for interest rates and credit risk as it ensures positivity of the modelling object

that is consistent with economic intuition.

Several modifications have been sought to accommodate observed stylized facts in
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the financial markets such as jumps in asset prices processes, correlation risks and the

low interest rate environment. For asset pricing under affine jump-diffusion see Duffie,

Pan & Singleton (2003) and Jiao, Ma & Scotti (2017), who demonstrated that an α-CIR

model with a branching process is able to account for the low interest rate feature for

α ≈ 1. Most of the models for the term structure of the interest rate assume constant

correlation between modelling variables. However, market data shows that the correlation

between financial instruments is not constant; it behaves stochastically over time. The

primary candidate to model this observation is the application of the Wishart process. The

Wishart stochastic process is a positive semi-definite symmetric matrix which satisfies a

certain stochastic differential equation. It tends to consistently reproduce various risks

that are measured by volatility-covolatility matrices. The standard reference texts for

these processes in finance are the papers by Bru (1991) and Gourieroux (2006). The

Wishart process also falls into the class of affine processes.

A more general class of continuous-time Markov processes beyond affine is the class

of polynomial processes, which play an increasing role in the finance literature. The

application of polynomial processes is not new to finance. Models driven by polynomial

processes have already been studied and empirically proven to preserve important features

for financial modelling, see for instance in Filipović (2001), Zhou (2003), and Forman &

Sorensen (2008). Filipović (2001) pioneered the study of polynomial term structure mod-

els beyond exponential affine processes. In his paper, Filipović (2001) proved that to have

a sensible no-arbitrage (exponential) polynomial term structure model, the degree of the

polynomial should be less than or equal to two. That is, quadratic term structure mod-

els are the most general polynomial models. Other classes of polynomial models are the

polynomial preserving processes which were introduced to finance by Cuchiero (2011),

Cuchiero, Keller-Ressel & Teichmann (2012). Polynomial processes are defined almost

the same way as affine processes where the logarithm of the characteristic function of

the transition distribution is a polynomial with respect to the initial state. In this class
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of polynomial models, derivative option prices are computed by finding the closed-form

conditional moments with regard to some observed process. Filipović & Larsson (2016)

used the same techniques of computing the moment of the driving process to construct

a linear rational term structure model to price zero-coupon bonds. Cheng & Tehranchi

(2015) coined a different approach; instead of pricing options through closed-form ex-

pressions for conditional moments, they expressed the price of the zero-coupon bond as a

polynomial of a finite degree where the polynomial coefficients are solutions to a coupled

linear system of ordinary differential equations.

To price linear financial derivative products under the aforementioned framework is

relatively straightforward. However, for nonlinear products, one has to employ numerical

techniques. Below we review the efficient methods for numerical valuation using Fourier

techniques.

1.2.3 Fourier transform techniques for valuation of options

One of the key areas of financial mathematics is the explicit computation of options

values in which analytical solutions do not exist, for example, in exponential Lévy models

or the stochastic volatility modes for asset returns. Various numerical evaluations of op-

tion pricing have been proposed. These include Monte Carlo methods via the stochastic

simulation of the underlying asset price process, direct numerical integration, the partial

integro-differential equation (PIDE) and Fourier based methods.

The use of the Fourier inversion method (see also Gil-Pelaez (1951)) finds the dis-

tribution of the underlying asset in a stochastic volatility model, which was pioneered

by Stein & Stein (1991) and Heston (1993) who applied the characteristic function to

compute closed-formed formulae for European options in the Fourier domain.

Carr & Madan (1999) introduced the use of the fast Fourier transform (FFT) technique

by mapping the Fourier transform variable directly to option prices through the charac-

teristic function. Since then, many efficient numerical methods by using FFT techniques
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have been proposed, and many authors have discussed these methods in rigorous detail.

Lee (2004) extended their method significantly and proved an error analysis for these FFT

methods. Inspired by Parseval’s identity, Raible (2000), Lewis (2001), and Eberlein, Glau

& Papapantoleon (2010) generalized this approach to several general payoff functions

via the convolution of generalized Fourier transforms. Other extensions include Fourier-

cosine expansion methods of Fang & Oosterlee (2008), the method of pricing via Fourier

space time-stepping by Surkov (2009) and a method of pricing using the fractional Fourier

transform of Chourdakis (2005).

In the following we review Fourier methods that are applied to value European op-

tions in a multi-dimension. As an example, a spread option pricing problem is consid-

ered. A spread option is an option written on the difference of two asset prices, hence,

a two-dimensional pricing problem. Dempster & Hong (2001) were the first to derive

FFT algorithms for correlation options and spread options. Since the payoff for spread

options has a nonlinear edge, they approximated the exercise region through a combina-

tion of rectangular strips to account for singularities in the transform variables, applied

FFT on a regularized region, and then derived the upper and lower bounds for the spread

options value. This method is computationally expensive. Hurd & Zhou (2010) proposed

an alternative and a most suitable version for FFT algorithms to pricing options in two di-

mensions and higher, which is based on square integrable integral formulae for the payoff

function expressed in terms of a complex gamma function. This method has been shown

to be the most efficient and fast in the literature of pricing spread options. It can be ap-

plied as long as the joint characteristic function is known. Other methods include Caldana

& Fusai (2013), Ruijter & Oosterlee (2012) and Surkov (2009). All these methods have

been applied in the context of equity; therefore, it is rather natural to extend them to fixed

income modelling.

Finally, we review the rough volatility framework below.
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1.2.4 Modeling rough volatility

Heston (1993) model is the most well-known and the prevailing standard market

model for modelling volatility. This model is widely used for several reasons. The first

one is that it incorporates the leverage feature of volatility. A stylized fact is that the

volatility and the underlying price process are negatively correlated (Black 1976). The

second important feature of this model is the availability of the closed-form characteris-

tic function of the log price which is expressed in terms of solutions to quadratic ordi-

nal differential Riccati equations. However, this model tends to capture the short term

volatility dynamics well but struggles to reproduce longer term dynamics and fundamen-

tal economic changes (e.g., the GFC). Hamilton & Susmel (1994) has empirically shown

that volatility is related to long term and fundamental conditions and proposed a regime

switching model for volatility. Derman (1999) provided a thorough analysis that con-

cludes that implied volatility exhibits regime switches, and Maghrebi, Holmes & Oya

(2014) statistically verified that fact and showed that a stochastic volatility model under

a pricing measure should have at least two regimes. Elliott, Nishide & Osakwe (2016)

considered the Heston model under regime switching in which the long term parameter

is modulated by a Markov chain. They showed that using the Heston model under the

Markov regime switching preserves analytical tractability. The model was then used to

price call and put options and reproduced the implied volatility surface well.

It was always believed that there is long memory in volatility increments. Long mem-

ory is exhibited in a stationary process if its covariance function decays slowly7. To

accommodate this feature, Comte & Renault (1998) proposed to model log volatility un-

der a fractional Brownian motion with a Hurst parameter H ∈ [1
2
, 1) 8. They considered a

7From a mathematics point of view, the long memory feature is a phenomenon where the volatility
autocorrelation is not summable.

8If WH represents a fractional Brownian motion (fBM) with a Hurst parameter H , in this case, incre-
ments of WH satisfy a long dependence behaviour necessary for describing features such as long memory
and persistence. When H = 1

2 , WH is reduced to the standard Brownian motion.
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stochastic volatility model where the log volatility has Hull & White (1990) structure but

with a fBM as a driver for the sources’ uncertainty in the volatility process.

Recently, Gatheral et al. (2018) discovered empirical evidence that volatility of fi-

nancial time series is rough. They used time series high-frequency data for the realized

variance to estimate the Hurst parameter under the assumption of that the log volatility

follows a fractional Ornstein-Uhlenbeck process. They have also performed an econo-

metric estimation using fractional Bergomi model (see Bergomi (2005)) to show that the

Hurst parameter is between H ∈ [0, 1
2
], sometimes referred to as short memory. Pricing

under the rough volatility framework is introduced by Bayer, Friz & Gatheral (2016). El

Euch & Rosenbaum (2018), and El Euch & Rosenbaum (2017) studied the variation of

the Heston model; the basic specification of the price process is the same, but the squared

volatility process is modified. Instead of integrating the stochastic differential equation,

they convolve the SDE with a kernel that has a singular behaviour H ∈ [0, 1
2
], which

means that this kernel explodes close to zero and causes the solution of this SDE to have

trajectories that are less regular that those for Brownian motion. This approach is known

as a roughening Heston model.

1.3 Contributions

• The first contribution of this dissertation is to construct a consistent stochastic

model encompassing OIS, XIBOR, vanilla and basis swaps in a single currency.9

The modelling framework is of “reduced form” in the sense that (similar to the

credit risk literature) the source of credit risk is not modelled (nor is the source

of liquidity risk). However, the framework has more structure than the literature

9Since the GFC a cross currency basis exceeding pre-crisis textbook arbitrage bounds has also emerged,
see for example Chang & Schlögl (2012). The approach presented here could be extended to multiple
currencies, but it is our view that across currencies there may be other factors than various forms of roll–
over risk that give rise to a basis spread. For example, Andersen, Duffie & Song (2017) demonstrate how
funding value adjustments (FVAs) can prevent potential arbitrageurs from enforcing covered interest parity
(CIP) across currencies. If the CIP arbitrage channel is blocked, then this would allow for CIP violations
driven by, for example, different supply/demand equilibria in FX spot versus FX forward markets.
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seeking to simply model a different term structure of interest rates for each tenor

frequency, since relationships between rates for all tenor frequencies are established

based on the modelled roll-over risk. Our “reduced–form“ approach explicitly mod-

els both the credit and the funding risk components of roll–over risk to link multiple

yield curves. In that, it is more parsimonious than the “pragmatic” way of mod-

elling extant in the literature (reviewed above), where stochastic dynamics for basis

spreads are specified directly without recourse to the underlying roll–over risk. In

particular, this allows the relative pricing of bespoke tenors in a model calibrated

to basis spreads between tenor frequencies for which liquid market data are avail-

able. It does not require the introduction of a new stochastic factor (or deterministic

spread) for each new tenor frequency. However, as mentioned above, the approach

is “reduced–form” in the sense that it abstracts from structural causes of downgrade

risk and funding liquidity risk. The framework that we propose below departs from

that of Chang & Schlögl (2015) in that, rather than focusing exclusively on basis

swaps, we treat OIS, XIBOR, vanilla and basis swaps in a unified framework, as

well as calibrating credit risk to credit default swaps, and model both the credit and

funding liquidity components of roll–over risk in a “reduced–form” manner.

• The framework developed above is not restricted to any stochastic dynamics. In

the first exploration, we consider a specific case within this framework, in which

the dynamics of the interest rate and roll-over risk are driven by a multifactor

Cox/Ingersoll/Ross–type process, and show how such a model can be calibrated

to market data and used for relative pricing of interest rate derivatives, includ-

ing bespoke tenor frequencies not liquidly traded in the market. We extend the

above framework by allowing both interest rate and roll-over risks to be driven by a

Markov scalar polynomial factor process in the sense of Cheng & Tehranchi (2015).

In particular, we consider those polynomial factor processes that live in a bounded

state space. The main contribution in this work is that we construct a LIBOR for-
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mula for the roll-over risk that depends on the quotient of polynomial processes, we

establish how to compute the joint expectation of the process at maturity with the

exponential of its integral in terms of polynomials, we show how the model is used

for relative pricing of interest rate derivatives, we derive the CDS pricing formula,

and we show how such a model can be calibrated to market data of the discount

factor bootstrapped from the overnight rate curve.

• The third contribution is in numerical methods for financial derivative valuations.

First, we derive a two-dimensional version of Parseval’s Identity of the Mellin trans-

form, and show that the method of Hurd & Zhou (2010) is essentially an application

of this identity. Second, we document how to reconcile a (much faster) FFT imple-

mentation in C++ using the Fastest Fourier Transform in the West (FFTW) library

with results obtained using the popular MATLAB ifft2 routine . Third, we provide

additional application examples, both in terms of driving dynamics (specifically,

normal inverse Gaussian) and in terms of markets (considering options on spreads

between interest rates in different currencies, and between LIBOR and OIS).

• The fourth contribution of this dissertation concerns stochastic volatility modelling.

We introduce a new Heston type model that covers two important generalizations

of the classical model, namely, the rough volatility model and regime switching

volatility. The so-called regime switching rough Heston model inherited the analytic

tractability of the rough Heston model, which was derived in El Euch & Rosenbaum

(2018), El Euch & Rosenbaum (2017), and the tractability of the regime switching

extension as in Elliott et al. (2016). Two important stylized features of volatil-

ity, namely, the roughness (in the sense of fractional Brownian motion) in its local

behaviour and the regime switching property consistent with a more long term eco-

nomic consideration can be accommodated in one consistent model approach. We

extended the arguments from El Euch & Rosenbaum (2018) as well as from Elliott
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et al. (2016) to finally derive an analytic representation of the Laplace-functional

of the asset price. By a Fourier-inversion technique, analytic pricing formulae for

put and calls are given. A novel method in this context is the partial Monte-Carlo-

Simulation. Here, we simulate the path of θs(ω), s ∈ [0, T ] and then solve the corre-

sponding rough Riccati equation. Here, we are able to avoid the resolvent equation

of a subordinate matrix ODE used in Elliott et al. (2016), which was shown to be

very time consuming. This computational method is an innovation compared to the

approaches presented in the literature and is shown to be the most effective one.

1.4 Dissertation structure

The rest of the dissertation is structured as follows:

Chapter 2 develops a stochastic framework for modelling roll-over risk via an arbi-

trage strategy that an arbitrageur has to pursue in order to take advantage of the basis

spread. Our framework is independent of any particular stochastic dynamics, and as such

we first consider an affine term structure where we assume that all components of roll-

over risk follow a stochastic specification according to the dynamics of an independent

multi-factor Cox et al. (1985) model. The motivation behind the choice of these stochastic

dynamics is twofold. On the one hand, it serves to guarantee the positivity of the mod-

elling variables in order to be consistent with the economic intuition that interest rates and

credit spreads have mean-reversion features and are non-negative. On the other hand, it

provides the availability of a closed-form expression that enhances the speed for calibra-

tion to both linear and nonlinear financial products. The LIBOR expression is derived, the

calibration condition is set, and the fitting of multiple tenors is performed simultaneously.

We begin to calibrate the model to OIS, vanilla IRS and basis swaps to infer risk neutral

parameters about the market view for roll-over risk. Because of the dimension of the cal-

ibration parameters, we split the calibration into stages. In the first stage, we calibrate the

instantaneous rate rc according to OIS discount factor. Then, taking the first step result as
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given, we calibrate the idiosyncratic risk neutral default intensity λt and funding liquidity

risk φt based on the observation of the basis spread data. The same procedure is repeated,

and in lieu of calibrating both downgrade risk and liquidity risk from observed spread,

we calibrate the credit component to the CDS spread for LIBOR panel banks. Then, we

proceed to calibrate solely the liquidity risk to the basis spread.

Chapter 3 delves into modelling of roll-over risk in a broader class of polynomials,

as an expansion of the affine framework. We consider a stochastic differential equation

with both polynomial drift and a diffusion coefficient that dwells in a bounded state space.

We shall discuss the sufficient condition to ensure non-explosion. We express the price

of the OIS-based discount factor as a polynomial in which its coefficients solve a system

of coupled linear differential equations. The LIBOR expression is given in terms of a

quotient of polynomials. The key result in this context is the one that allows us to compute

the joint expectation of a polynomial with an exponential of a polynomial. We consider a

multi-factor polynomial model. Then, we derive the CDS expression. As an example, we

calibrate the model to the OIS discount factor.

Chapter 4 addresses the spread option pricing problem both in the equity market and

in the fixed-income market. We employ Fourier techniques in two dimensions and com-

pare this to the Monte-Carlo method. To arrive at the pricing formula, we use Parseval’s

Identity. We investigate pricing of spread options under various classes of model dynam-

ics in the equity market. We then extend the pricing to the fixed-income market. We

first consider an example of pricing in the cross-currency market, i.e., LIBOR of different

currencies under the Heath-Jarrow-Morton framework. We compare the Fourier pricing

method with the closed-formed solution and bivariate integration method. In the last sec-

tion of this chapter, we consider pricing of the LIBOR - OIS spread option. In particular,

we consider the LIBOR expression developed in Chapter 2 in absence of funding liquid-

ity risk. We then adopt the calibrated parameters from Chapter 2 to price options on the

LIBOR - OIS spread under the affine model specification.
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Chapter 5 covers the pricing of options under the rough volatility framework. In

particular, we introduce the rough Heston model, and the pricing via the characteristic

function using the Fourier inversion method. We incorporate additional features in the

rough Heston model, i.e., allowing the long-run mean to exhibit regimes that are con-

sistent with fundamental economic changes and long term volatility modelling. Hence,

we develop a pricing mechanism of the so-called regime switching rough Heston model

to better capture the changing belief of investors towards the state of certain financial

markets. The model is neither a Markovian nor a semi-martingale model. This means

classical techniques for deriving pricing formulae via bivariate Itô’s Lemma to derive the

fundamental partial differential equations cannot be applied. Our model inherits mathe-

matical tractability from the pricing under the rough Heston model which was made pos-

sible by passing the solution of the rough Heston stochastic differential equation through

a limiting sequence of Hawkes processes10. With inclusion of regime switching features

in the long-run mean parameter, we have to impose certain regularity conditions to en-

sure the Hölder continuity of the solution of the regime switching rough Heston model.

Furthermore, we borrow the technology of evaluating the Markov chain from Elliott &

Nishide (2014). In general, the computation becomes numerically intensive. First, one

has to evaluate the fractional Riccati differential equation. The standard techniques based

on predictor-corrector schemes are very slow. Then, we proceed to evaluate the matrix

ODE using the Runge–Kutta method of order 4 or 5, which is computationally expensive.

We call the pricing method semi-analytic because the valuation of the characteristic func-

tion involves finding the numerical solution of a rough fractional differential equation and

the solution of the first-order matrix ODE. We also develop a partial-Monte Carlo pricing

approach; instead of implementing a matrix ODE, we only simulate the Markov chain and

a solution from the fractional differential Riccati equation, then use Monte Carlo simu-

10El Euch & Rosenbaum (2018) derived the characteristic function of sequences of Hawkes processes
and showed that it converges to the rough Heston model, they then infer the characteristic function of the
rough Heston model.
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lation to approximate the numerical solution for the characteristic function. Finally, we

also derive the characteristic function via a marked point Poisson process.

Chapter 6 provides concluding remarks and possible research directions from this

dissertation.
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Chapter 2

A Consistent Stochastic Model of the Term Structure of
Interest Rates for Multiple Tenors

This chapter develops a framework that explicitly take into account the risk incurred when

borrowing at a shorter tenor versus lending at a longer tenor (“roll–over risk“), resulting

in a frequency basis arising endogenously in the model. It is based on a working paper of

Alfeus, Grasselli & Schlögl (2017).

2.1 Introduction

The phenomenon of the frequency basis (i.e. a spread applied to one leg of a swap to

exchange one floating interest rate for another of a different tenor in the same currency)

contradicts textbook no–arbitrage conditions and has become an important feature of in-

terest rate markets since the beginning of the Global Financial Crisis (GFC) in 2008. As a

consequence, stochastic interest rate term structure models for financial risk management

and the pricing of derivative financial instruments in practice now reflect the existence

of multiple term structures, i.e. possibly as many as there are tenor frequencies. While

this pragmatic approach can be made mathematically consistent (see Grasselli & Migli-

etta (2016) and Grbac & Runggaldier (2015) for a recent treatise, as well as the literature

cited therein), it does not seek to explain this proliferation of term structures, nor does it

allow the extraction of information potentially relevant to risk management from the basis

spreads observed in the market.

In the pre-GFC understanding of interest rate swaps (see explained in, e.g., Hull

(2008)), the presence of a basis spread in a floating–for–floating interest rate swap would
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point to the existence of an arbitrage opportunity, unless this spread is too small to recover

transaction costs. As documented by Chang & Schlögl (2015), post–GFC the basis spread

cannot be explained by transaction costs alone, and therefore there must be a new percep-

tion by the market of risks involved in the execution of textbook “arbitrage” strategies.

Since such textbook strategies to profit from the presence of basis spreads would involve

lending at the longer tenor and borrowing at the shorter tenor, the prime candidate for this

is “roll–over risk.” This is the risk that in the future, once committed to the “arbitrage”

strategy, one might not be able to refinance (“roll over”) the borrowing at the prevailing

market rate (i.e., the reference rate for the shorter tenor of the basis swap). This “roll–over

risk,” invalidating the “arbitrage” strategy, can be seen as a combination of “downgrade

risk” (i.e., the risk faced by the potential arbitrageur that the credit spread demanded by

its creditors will increase relative to the market average) and “funding liquidity risk” (i.e.,

the risk of a situation where funding in the market can only be accessed at an additional

premium).

We propose to model this roll-over risk explicitly, which endogenously leads to the

presence of basis spreads between interest rate term structures for different tenors. This

is in essence the “reduced–form” or “spread–based” approach to multicurve modelling,

similar to the approach taken in the credit risk literature, where the risk of loss due to

default gives rise to credit spreads. The model allows us to extract the forward–looking

“market’s view” of roll-over risk from the observed basis spreads, to which the model is

calibrated. Preliminary explorations using a simple model of deterministic basis spreads

in Chang & Schlögl (2015) indicate an improving stability of the calibration, suggesting

that the basis swap market has matured since the turmoil of the GFC and pointing toward

the practicability of constructing and implementing a full stochastic model.

The remainder of this chapter is organised as follows. Section 2.2 expresses the ba-

sic instruments in terms of the model variables, i.e., the overnight rate, credit spreads

and a spread representing pure funding liquidity risk. Section 2.3 calibrates a concrete
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specification of the model in terms of multifactor Cox/Ingersoll/Ross–type dynamics to

market data for OIS, interest rate and basis swaps — this is the version of the model

focused solely on the frequency basis. In order to separate roll–over risk into its credit

and liquidity component in calibration to market data, we need to include repos (for the

“default–free” interest rate) and credit default swaps (CDS) — this is done in Section 2.4.

The pricing and calibration of interest rate caps is done in Section 2.5. Section 2.6 con-

cludes. The derivation of pricing formulae for the expected LIBOR, caps and CDS within

affine framework is included in the appendices 2.7, 2.8, 2.9 and 2.10.

2.2 The model

2.2.1 Model variables

We model a frictionless market free of arbitrage opportunities in which trading takes

place continuously over the time interval [0, T ], where T is an arbitrary positive final date.

Uncertainty in the market is modeled through a filtered probability space (Ω,F , (Ft)t∈[0,T ],Q),

supporting all the price processes we are about to introduce. Here Q denotes the risk neu-

tral measure, so that we are modeling the market directly under the pricing measure. Also,

EQ
t is a shorthand for EQ[.|Ft].

Denote by rc the continuously compounded short rate abstraction of the interbank

overnight rate (e.g., Fed funds rate or EONIA). This is equal to the riskless (default–free)

continuously compounded short rate r plus a credit spread. In the simplest case, one

could adopt a “fractional recovery in default,” a.k.a. “recovery of market value,” model1

and denote by q the (assumed constant) loss fraction in default. Then

rc(s) = r(s) + Λ(s)q (2.2.1)

where Λ(s)q is the average (market aggregated) credit spread across the panel and Λ(s)

1See Duffie & Singleton (1999).
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is the corresponding default intensity.2 Note that although a significant part of the “mul-

ticurve” interest rate modelling literature mentioned in the introduction heuristically ad-

vances the argument that (mainly due to its short maturity) the interbank overnight rate is

essentially free of default risk, in intensity–based models of default this is incorrect even

in the instantaneous limit. In our modelling, we do not require this argument. Instead,

it suffices that rc is the appropriate rate at which to discount payoffs of any fully collat-

eralised derivative transaction, because the standard ISDA Credit Support Annex (CSA)

stipulates that posted collateral accrues interest at the interbank overnight rate.3

Roll–over risk is modelled via the introduction of a π(s), denoting the spread over

rc(s) which an arbitrary but fixed entity must pay when borrowing overnight. π(s) has

two components,

π(s) = φ(s) + λ(s)q (2.2.2)

where φ(s) is pure funding liquidity risk4 (both idiosyncratic and systemic) and λ(s)q is

the idiosyncratic credit spread over rc (initially, e.g. at time 0, λ(0) = 0 by virtue of the

fact that at time of calibration to basis spread data, we are considering market aggregated

averages). The default intensity of any given (but representative) XIBOR panel member

is Λ(s) + λ(s). Thus λ(s)q represents the “credit” (a.k.a. “renewal”) risk component of

roll–over risk, i.e. the risk that a particular borrower will be unable to roll over overnight

(or instantaneously, in our mathematical abstraction) debt at rc, instead having to pay

an additional spread λ(s)q because their credit quality is lower than that of the panel

2Here, with “risk neutral measure” we mean an equivalent martingale measure associated with dis-
counting by the instantaneous, default–free interest rate r (i.e., the numeraire is the associated continuously
compounded savings account). In the presence of risks (such as credit risk) with respect to which the market
may be incomplete, this measure is not necessarily unique, but we follow the bulk of the credit derivatives
literature in assuming that the model, calibrated to the extent possible to available liquid market instru-
ments, gives us the “correct” dynamics under the assumed pricing measure. In other words, model prices
are arbitrage–free with respect to the prices observed in the market, but this does not necessarily imply that
any departure from these model prices would result in an exploitable arbitrage opportunity.

3For a detailed discussion of this latter point, see Piterbarg (2010).
4In Section 3, φ(s) will be modelled as a diffusion as a “first–cut” concrete specification of our model.

Modelling liquidity freezes properly may require permitting φ(s) to jump — the framework laid out in the
present section would allow for such an extension.
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Action Time
t T

Borrow overnight,
1 −e

∫ T
t rc(s)dsrolling from time

t to T .
Enter OIS 0 e

∫ T
t rc(s)ds − (1 + (T − t)OIS(t, T ))

Lend at LIBOR -1 1 + (T − t)L(t, T )

Net outcome 0 (T − t)(L(t, T )− OIS(t, T ))

Table 2.1 : Strategy to exploit the LIBOR/OIS spread assuming the absence of roll–over
risk.

contributors determining rc.

2.2.2 OIS with roll–over risk, one–period case

Let us consider first the simplest case, i.e. the LIBOR/OIS spread over a single accrual

period. In the absence of roll–over risk, one could construct a strategy to take advantage

of this spread (similar strategies can be constructed for multiple accrual periods, or to take

advantage of the frequency (tenor) basis): Borrow at the overnight rate, rolling over the

borrowing daily.5 Enter into an OIS receiving floating and paying fixed, thus eliminating

the exposure to interest rate risk. Lend at LIBOR. Although this not strictly an arbitrage

strategy,6 if we assume that one is guaranteed to be able to roll over the borrowing at

rc (i.e., in the absence of roll–over risk), and credit spreads apply symmetrically to the

borrower and the lender, then this strategy results in a profit equal to the LIBOR/OIS

spread, as summarised in Table 2.1. We interpret this profit as a compensation for roll–

over risk, in a manner which we will now proceed to make specific.

Borrowing overnight from t to T (setting δ = T − t), rolling principal and interest

5Note again that for mathematical convenience we are equating “daily” with the continuous–time in-
finitesimal limit — if this simplification is considered to have material impact, it could be lifted at the cost
of some additional mathematical tedium.

6This strategy is not strictly riskless, because of the potential impact of default risk. However, this de-
fault risk should be reflected in any interbank borrowing credit spread, be it overnight or for a longer period.
It is the roll–over risk which introduces a new distinction between shorter and longer tenor borrowing, as
we demonstrate below.
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forward until maturity, an arbitrary but fixed entity pays at time T :

− e
∫ T
t rc(s)dse

∫ T
t π(s)ds (2.2.3)

Assuming symmetric treatment of credit risk when borrowing and lending,7 lending to

an arbitrary but fixed entity from t to T will incur credit risk with intensity Λ(s) + λ(s).

Discounting with

r(s) + (Λ(s) + λ(s))q = rc(s) + λ(s)q

the present value of (2.2.3) is

− EQ
t

[
e
∫ T
t φ(s)ds

]
(2.2.4)

Enter OIS to receive the overnight rate and pay the fixed rate OIS(t, T ), discounting with

rc (due to collateralisation of OIS), the present value of the payments is

EQ
t

[
1− e−

∫ T
t rc(s)ds − e−

∫ T
t rc(s)dsOIS(t, T )δ

]
(2.2.5)

Spot LIBOR observed at time t for the accrual period [t, T ] is denoted byL(t, T ). Lending

at LIBOR L(t, T ), we receive (at time T ) the credit risky payment

1 + δL(t, T )

Discounting as above with rc(s) + λ(s)q, the present value of this is

EQ
t

[
e−

∫ T
t (rc(s)+λ(s)q)ds(1 + δL(t, T ))

]
(2.2.6)

We must have (because the initial investment in the strategy is zero) that the sum of the

7We need to assume symmetric treatment of roll–over risk, both the “credit” and the “funding liquidity”
component, in order to maintain additivity of basis spreads: Swapping a one–month tenor into a three–
month tenor, and then swapping the three–month tenor into a 12–month tenor, is financially equivalent to
swapping the one–month tenor into the 12–month tenor, and thus (ignoring transaction costs) the 1m/12m
basis spread must equal the the sum of the 1m/3m and 3m/12m basis spreads.
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three terms ((2.2.4), (2.2.5) and (2.2.6)) is zero, i.e.

EQ
t

[
e
∫ T
t φ(s)ds

]
=

EQ
t

[
1 + e−

∫ T
t (rc(s)+λ(s)q)ds(1 + δL(t, T ))− e−

∫ T
t rc(s)ds(1 + δOIS(t, T ))

]
(2.2.7)

Consequently, if renewal risk is zero, i.e. λ(s) ≡ 0, then the LIBOR/OIS spread is solely

due to funding liquidity risk:

EQ
t

[
e
∫ T
t φ(s)ds

]
= EQ

t

[
1 + e−

∫ T
t rc(s)dsδ(L(t, T )− OIS(t, T ))

]
(2.2.8)

Define the discount factor implied by the overnight rate as

DOIS(t, T ) = EQ
t

[
e−

∫ T
t rc(s)ds

]
(2.2.9)

Since the mark–to–market value of the OIS at inception is zero, we have

OIS(t, T ) =
1−DOIS(t, T )

δDOIS(t, T )
(2.2.10)

⇔ DOIS(t, T ) =
1

1 + δOIS(t, T )
(2.2.11)

Thus the dynamics of rc should be consistent with (2.2.11) (the term structure of the

DOIS(t, T )), and the dynamics of φ(s) and λ(s) should be consistent with (2.2.7).

The following remarks are worth noting:

• (2.2.11) implies

EQ
t

[
e−

∫ T
t rc(s)ds(1 + δOIS(t, T ))

]
= 1

Therefore (2.2.7) implies that we cannot have

EQ
t

[
e−

∫ T
t (rc(s)+λ(s)q)ds(1 + δL(t, T ))

]
= 1 (2.2.12)
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unless φ(s) = 0, i.e. unless the LIBOR/OIS spread is solely due to renewal risk.

• It may seem counterintuitive that (2.2.12) doesn’t hold, but this is due to the fact that

the discounting in (2.2.12) only takes into account credit risk (including “renewal

risk”), i.e. it does not take into account the premium a borrower of LIBOR (as

opposed to rolling overnight borrowing) would pay for avoiding the roll–over risk

inherent in φ(s).

2.2.3 OIS with roll–over risk, multiperiod case

OIS may pay more frequently than once at T for an accrual period [t, T ] (especially

when the period covered by the OIS exceeds one year). In this case the strategy of the

previous section needs to be modified as follows.

Borrowing overnight from t = T0 to Tn (normalising Tj − Tj−1 = δ,∀0 < j ≤ n),

rolling principal until maturity and interest forward until each Tj , an arbitrary but fixed

entity pays at time Tj (∀0 < j < n):

1− e
∫ Tj
Tj−1

rc(s)ds
e
∫ Tj
Tj−1

π(s)ds (2.2.13)

and at time Tn:

− e
∫ Tn
Tn−1

rc(s)dse
∫ Tn
Tn−1

π(s)ds (2.2.14)

Discounting with rc(s) + qλ(s), the present value of this is

n−1∑
j=1

(
EQ
t

[
e−

∫ Tj
t (rc(s)+qλ(s))ds

]
− EQ

t

[
e−

∫ Tj−1
t (rc(s)+qλ(s))dse

∫ Ti
Tj−1

φ(s)ds
])

− EQ
t

[
e−

∫ Tn−1
t (rc(s)+qλ(s))dse

∫ Tn
Tn−1

φ(s)ds
]

(2.2.15)

Enter OIS to receive the overnight rate and pay the fixed rate OIS(t, Tn) at each Tj (∀0 <
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j ≤ n), discounting with rc, the present value of the payments is

n∑
j=1

(DOIS(t, Tj−1)− (1 + δOIS(t, Tn))DOIS(t, Tj)) (2.2.16)

If lending to time Tn at L(t, Tn) is possible (i.e., a LIBOR L(t, Tn) is quoted in the mar-

ket), and supposing that LIBOR is quoted with annual compounding, with Tn − t = m,

the present value of interest and repayment of principal is

EQ
t

[
e−

∫ Tn
t (rc(s)+qλ(s))ds(1 + L(t, Tn))m

]
(2.2.17)

We must have (because the initial investment in the strategy is zero) that the sum of the

three terms ((2.2.15), (2.2.16) and (2.2.17)) is zero. Since the mark–to–market value of

the OIS at inception is zero, we can drop (2.2.16) and write this directly as

n∑
j=1

EQ
t

[
e−

∫ Tj−1
t (rc(s)+qλ(s))dse

∫ Tj
Tj−1

φ(s)ds
]

=

EQ
t

[
e−

∫ Tn
t (rc(s)+qλ(s))ds(1 + L(t, Tn))m

]
+

n−1∑
j=1

EQ
t

[
e−

∫ Tj
t (rc(s)+qλ(s))ds

]
(2.2.18)

Analogously to the single–period case, since the mark–to–market value of the OIS at

inception is zero, we have

OIS(t, Tn) =
1−DOIS(t, Tn)

δ
∑n

j=1 D
OIS(t, Tj)

(2.2.19)
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2.2.4 Rates faced by an arbitrary but fixed panel member over a longer accrual

period

Substituting (2.2.11) into (2.2.7), we obtain the dynamics of the L(t, T ) as conditional

expectations over the dynamics of φ, rc and λ:

L(t, T ) =
1

δ

 EQ
t

[
e
∫ T
t φ(s)ds

]
EQ
t

[
e−

∫ T
t (rc(s)+λ(s)q)ds

] − 1

 (2.2.20)

Rewriting this as a discount factor

DL(t, T ) = (1 + δL(t, T ))−1 =
EQ
t

[
e−

∫ T
t (rc(s)+λ(s)q)ds

]
EQ
t

[
e
∫ T
t φ(s)ds

] (2.2.21)

we see that if we assume independence of the dynamics of rc(s) + λ(s)q from φ(s), the

“instantaneous spread” (admittedly a theoretical abstraction) over rc inside the expecta-

tion becomes simply π(s) = φ(s) + λ(s)q:

DL(t, T ) = EQ
t

[
e−

∫ T
t (rc(s)+φ(s)+λ(s)q)ds

]
(2.2.22)

2.2.5 Going beyond LIBOR maturities with interest rate swaps (IRS)

The application of roll–over risk must be symmetric, i.e. applied to roll–over of both

borrowing and lending (with opposite sign for borrowing vs. lending), because otherwise

contradictions are inescapable.8

Suppose we are swapping LIBOR with tenor structure T (L), from T
(L)
0 = T0 = t to

T
(L)
nL into a fixed rate s(1)(t, T

(1)
n1 ), paid based on a tenor structure T (1), with T (L)

nL = T
(1)
n1 ,

8Such contradictions would arise in particular because asymmetry in the treatment of roll-over risk
would prevent additivity of basis spreads: Combing a position of paying one–month LIBOR versus re-
ceiving three–month LIBOR with a position of paying three–month LIBOR versus receiving six–month
LIBOR is equivalent to paying one–month LIBOR versus receiving six–month LIBOR; therefore (up to
transaction costs), the one–month versus six–month basis spread should equal the sum of the one–month
versus three–month and three–month versus six–month spreads.
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using an interest rate swap.9 For a (fully collateralised) swap transaction, it must hold that

nL∑
j=1

EQ
t

[
e−

∫ T (L)
j

t rc(s)ds(T
(L)
j − T (L)

j−1)L(T
(L)
j−1, T

(L)
j )

]

=

n1∑
j=1

DOIS(t, T
(1)
j )(T

(1)
j − T

(1)
j−1)s(1)(t, T (1)

n1
) (2.2.23)

Typically, we have market data on (vanilla) fixed–for–floating swaps of different maturi-

ties, for a single tenor frequency. Combining this with market data on basis swaps, we

get a matrix of market calibration conditions (2.2.23), i.e. one condition for each (matu-

rity,tenor) combination. Note that the basis spread is typically added to the shorter tenor

of a basis swap, so (2.2.23) needs to be modified accordingly. For example, if T (L) cor-

responds to a three–month frequency, T (1) corresponds to a six–month frequency, and

T (2) corresponds to a one–month frequency of the same maturity (T (L)
nL = T

(2)
n2 ), then

combining (2.2.23) with a basis swap with spread b(t, T (L)
nL , T

(2)
n2 ), we obtain

n2∑
j=1

EQ
t

[
e−

∫ T (2)
j

t rc(s)ds(T
(2)
j − T

(2)
j−1)L(T

(2)
j−1, T

(2)
j )

]

=

n1∑
j=1

DOIS(t, T
(1)
j )(T

(1)
j − T

(1)
j−1)s(1)(t, T (1)

n1
)

−
n2∑
j=1

DOIS(t, T
(2)
j )(T

(2)
j − T

(2)
j−1)b(t, T (L)

nL
, T (2)

n2
) (2.2.24)

Conversely, because the convention of basis swaps is that the basis swap spread is added

to the shorter tenor, if T (L) corresponds to a three–month frequency, T (1) corresponds

to a six–month frequency, and T (3) corresponds to a twelve–month frequency of the

same maturity (T (L)
nL = T

(3)
n3 ), then combining (2.2.23) with a basis swap with spread

9For example, a vanilla USD swap would exchange three–month LIBOR (paid every three months)
against a stream of fixed payments paid every six months.
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b(t, T
(L)
nL , T

(3)
n3 ), we obtain

n3∑
j=1

EQ
t

[
e−

∫ T (3)
j

t rc(s)ds(T
(3)
j − T

(3)
j−1)L(T

(3)
j−1, T

(3)
j )

]

=

n1∑
j=1

DOIS(t, T
(1)
j )(T

(1)
j − T

(1)
j−1)s(1)(t, T (1)

n1
)

+

n3∑
j=1

DOIS(t, T
(3)
j )(T

(3)
j − T

(3)
j−1)b(t, T (L)

nL
, T (3)

n3
) (2.2.25)

2.2.6 Stochastic modelling

We assume that the model is driven by a time-homogeneous affine Markov process

X taking values in a non-empty convex subset E of Rd (d ≥ 1), endowed with the inner

product 〈·, ·〉. We assume thatX = (Xt)t∈[0,∞) admits the transition semigroup (Pt)t∈[0,∞)

acting on B(E)b (the space of bounded Borel functions on E).

Let us now define the model variables rc(t), λ(t) and φ(t) as follows:

rc(t) = a0(t) + 〈a,X(t)〉 (2.2.26)

λ(t) = b0(t) + 〈b,X(t)〉 (2.2.27)

φ(t) = c0(t) + 〈c,X(t)〉 (2.2.28)

where a, b, c are arbitrary constant projection vectors in E and a0, b0, c0 are scalar deter-

ministic functions.

In order to preserve analytical tractability, in this chapter we will take the Markov pro-

cess X in the class of affine processes, introduced by Duffie & Kan (1996) and then clas-

sified by Duffie, Filipović & Schachermeyer (2003) in the canonical state space domain

E = Rm
+ × Rn. Affine processes have been recently recovered thanks to the interesting

extension to the state space of positive semidefinite matrices (see Bru (1991), Gourieroux

& Sufana (2003), Da Fonseca, Grasselli & Tebaldi (2007), Grasselli & Tebaldi (2008)
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IRS OIS 1m/3m 3m/6m
T bid ask bid ask bid ask bid ask
0.5 0.50825 0.50825 0.12 0.16 9.6 9.6 19.32 21.32
1 0.311 0.331 0.109 0.16 8.29 9 16.25 18.25
2 0.37 0.395 0.15 0.19 7.8 9.8 13.56 15.56
3 0.5 0.5 0.226 0.276 7.21 9.21 11.7 13.7
4 0.657 0.667 0.368 0.418 7.7 7.7 10.64 12.64
5 0.83 0.87 0.563 0.613 7.3 7.3 9.74 11.74
6 1.0862 1.0978 0.782 0.832 6.8 6.8 10.2 10.2
8 1.5001 1.5149 1.196 1.246 6 6 9.7 9.7
9 1.6496 1.6684 1.37 1.42 5.7 5.7 9.7 9.7
10 1.836 1.837 1.52 1.57 5.3 5.3 8.67 10.67

Table 2.2 : Market data quotes on 01/01/2013. Source: Bloomberg

and Cuchiero, Filipović, Mayerhofer & Teichmann (2011)).10

In Appendix 2.7 we recall the definition of the affine processes as well as their charac-

terisation in terms of the solution of Riccati ODEs. Then, in Appendix 2.8, we develop the

computation of the relevant expectations involved in the pricing of swaps as well as non-

linear instruments like caps. We emphasise that our framework is extremely analytically

tractable.

2.3 Calibration to market data
In this section, we proceed to calibrate the version of the model based on multifactor

Cox/Ingersoll/Ross (CIR) dynamics to market data for overnight index swaps, vanilla and

basis swaps, step by step adding more instruments to the calibration. Thus, the objective

is to obtain a single calibrated, consistent roll–over risk model for interest rate term struc-

tures of all tenors. More explicit separation of roll–over risk into its credit and funding

10Affine processes belong to the more general family of polynomial processes recently investigated by
e.g. Filipović & Larsson (2016), see also references therein. Our approach can be easily extended to this
larger class with minor changes and a slightly different technique in the computation of the expectations
(this is done in the next chapter of this dissertation). The same holds true as well as for other processes,
like for example the Lévy driven models, see e.g. Eberlein & Raible (1999). Actually, the choice of the
stochastic model is just instrumental as far as the computation of the relevant expectations involved in the
sequel can be efficiently performed, in view of our calibration exercise.
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IRS OIS 1m/3m 3m/6m
T bid ask bid ask bid ask bid ask
1 0.337 0.3395 0.184 0.189 8.75 9.25 2.09375 2.21875
2 0.7191 0.7231 0.5455 0.551 9.625 10.125 2.125 2.25
3 1.157 1.161 0.949 0.989 10.25 10.75 2.125 2.25
4 1.5234 1.5274 1.296 1.346 10.75 11.25 2.15625 2.28125
5 1.8 1.8038 1.562 1.602 11 11.5 2.15625 2.28125
6 2.0166 2.0206 1.782 1.792 10.875 11.375 2.15625 2.28125
8 2.3348 2.3388 2.09 2.1 10.125 10.625 2.15625 2.28125
9 2.4551 2.4591 2.206 2.216 9.625 10.125 2.15625 2.28125
10 2.559 2.563 2.291 2.341 9.125 9.625 2.15625 2.28125

Table 2.3 : Market data quotes on 08/09/2014. Source: Bloomberg

liquidity components is left for Section 2.4 below, which includes credit default swaps in

the set of calibration instruments. This version of the model is obtained by making the

dynamics (2.2.26)–(2.2.28) specific as

rc(t) = a0(t) +
d∑
i=1

aiyi(t) (2.3.1)

λ(t) = b0(t) +
d∑
i=1

biyi(t) (2.3.2)

φ(t) = c0(t) +
d∑
i=1

ciyi(t) (2.3.3)

where the yi follow the Cox–Ingersoll–Ross (CIR) dynamics under the pricing measure,

i.e.

dyi(t) = κi(θi − yi(t))dt+ σi
√
yi(t)dWi(t), (2.3.4)

where dWi(t) (i = 1, · · · , d) are independent Wiener processes. In order to keep the

model analytically tractable, in keeping with (2.2.26)–(2.2.28) we do not allow for time–
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IRS OIS 1m/3m 3m/6m
T bid ask bid ask bid ask bid ask
0.5 0.4434 0.4434 0.189 0.194 9.1 9.1 2.375 2.875
1 0.51 0.511 0.333 0.338 10 10.5 2.19675 2.19675
2 0.896 0.898 0.682 0.715 11.75 12.25 1.9375 2.05625
3 1.2354 1.2404 0.991 1.041 13 13.5 1.84375 1.96875
4 1.5103 1.5153 1.255 1.305 13.625 14.125 1.78125 1.90625
5 1.698 1.757 1.478 1.518 13.875 14.375 1.78125 1.90625
6 1.918 1.922 1.662 1.712 13.75 14.25 1.75 1.875
8 2.1877 2.1917 1.931 1.981 13.035 14.035 1.8125 1.9375
9 2.2857 2.288 2.035 2.085 13 13.5 1.84375 1.96875
10 2.3665 2.369 2.105 2.145 12.75 13.25 1.90625 2.03125

Table 2.4 : Market data quotes on 18/06/2015. Source: Bloomberg

dependent coefficients at this stage.11 Since each of the factors follow independent CIR–

type dynamics, the sufficient condition for each factor to remain positive is 2κiθi ≥ σ2
i ,∀i,

as discussed for the one–factor case in Cox et al. (1985)).

We begin our calibration with OIS, then include money market instruments such as

vanilla swaps and basis swaps. Calibration to instruments with optionality (caps/floors

and swaptions) is in principle possible, but not included in the scope of the present pa-

per. At each step calibration consists in minimising the sum of squared deviations from

calibration conditions such as (2.2.9) and (2.2.23).

Since we are modelling several sources of risk simultaneously, the calibration prob-

lem necessarily becomes one of high-dimensional non-linear optimisation. To this end,

we apply the “Adaptive Simulated Annealing” algorithm of Ingber (Ingber 1993) and Dif-

ferential Evolution of Storn and Price (Storn & Price 1997). The data set (of daily bid and

ask values) for the instruments under consideration is sourced from Bloomberg, consist-

ing of US dollar (USD) instruments commencing on 1 January 2013 and ending on 31

October 2017. Since we are calibrating the model to “cross–sectional” data, i.e. “snap-

11For example, following Schlögl & Schlögl (2000), the coefficients could be made piecewise constant
to facilitate calibration to at–the–money option price data, while retaining most analytical tractability.
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IRS OIS 1m/3m 3m/6m
T bid ask bid ask bid ask bid ask
0.5 0.90415 0.90415 0.419 0.42 17.3 17.875 4.96875 5.96875
1 0.7705 0.774 0.485 0.492 15.75 17.232 5.35 5.625
2 0.8935 0.8975 0.593 0.601 15 14.4 4.725 5.1
3 1.0005 1.0054 0.685 0.695 14.625 13.875 4.4 4.65
4 1.1075 1.1095 0.7838 0.7938 13.111 13.623 4.075 4.325
5 1.208 1.21 0.863 0.903 12.245 13.237 3.825 4.075
6 1.3097 1.312 0.946 0.996 12.2 12.755 3.825 3.825
8 1.4895 1.4895 1.132 1.142 10.063 11.337 3.7 3.7
9 1.5655 1.5675 1.202 1.212 9.665 10.904 3.575 3.825
10 1.634 1.636 1.246 1.296 9.359 10.625 3.625 3.85

Table 2.5 : Market data quotes on 20/04/2016. Source: Bloomberg

shots” of the market on a single day, we present the results for an exemplary set of dates

only, having verified that results for other days in our data period are qualitatively similar.

2.3.1 Market data processing

Our goal is to jointly calibrate the model to three different tenor frequencies, i.e.,

to 1-month, 3-month and 6-month tenors, as well as to the OIS–based discount factors.

Table 2.2 to 2.7 show market data quoted on the 01/01/2013, 08/09/2014, 18/06/2015,

20/04/2016, 22/03/2017 and 31/10/2017, respectively.12

In the USD market, the benchmark interest rate swap (IRS) pays 3-month LIBOR

floating vs. 6-month fixed, i.e. δ = 0.25 and ∆ = 0.5. To get IRS indexed to LIBOR

of other maturities, we can use combinations of basis swaps with the benchmark IRS.

Calibration conditions for 1-month, 3-month and 6-month tenors are given in Equations

(2.2.24), (2.2.23), and in (2.2.25), respectively. We compute the right–hand side of these

equations using the market data. We shall call this “the market side.”

12With maturities T = {0.5, 1, 2, 3, 4, 5, 6, 8, 9, 10}, as there are no quotes for maturity of 7 years in
the basis swap market. IRS and OIS are given in % while basis swaps are quoted in basis points, i.e.,
one–hundredths of one percent.
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IRS OIS 1m/3m 3m/6m
T bid ask bid ask bid ask bid ask
0.5 1.43128 1.43128 0.9809 0.989 13.7091 16.4909 19.5232 20.2268
1 1.385 1.39 1.1165 1.1165 14.016 15.184 17.4461 18.6439
2 1.6098 1.6188 1.3335 1.3335 13.6717 15.0783 15.4479 16.752
3 1.795 1.7962 1.494 1.504 11.7628 15.4372 13.9918 15.4082
4 1.9304 1.9354 1.601 1.649 11.4041 14.0959 13.785 14.365
5 2.038 2.0401 1.718 1.728 11.6383 12.3617 13.6495 14.1505
6 2.1249 2.1299 1.796 1.804 10.7223 11.7777 13.4117 14.3383
8 2.2614 2.2664 1.914 1.924 10.1162 10.7838 13.4088 14.2912
9 2.3159 2.3209 1.961 1.971 9.7987 10.5013 14.0925 14.3075
10 2.3671 2.368 1.987 2.037 9.5421 10.258 13.6338 14.6062

Table 2.6 : Market data quotes on 22/03/2017. Source: Bloomberg

We use the OIS equation (2.2.5) for interpolation. Our approach is to calibrate the

model to OIS–based discount factors, then use the calibrated model to infer discount

factors of any required intermediate maturities. In particular, we bootstrap the time-

dependent parameter a0 for both OIS bid and ask and then interpolate the bond prices

using the OIS equation to get the corresponding bid and ask values for intermediate ma-

turities. Tables 2.8 to 2.13 show the thus calculated values for the market side of the

respective equations (2.2.23)–(2.2.25).

2.3.2 Model calibration problem

Model calibration is a process of finding model parameters such that model prices

match market prices as closely as possible, i.e., in equation (2.2.23), we want the left hand

side to be equal to the right hand side. In essence, we are implying model parameters from

the market data. The most common approach is to minimise the deviation between model

prices and market prices, i.e., in the “relative least–squares” sense of

arg min
θ∈Θ

N∑
i=1

(
Pmodel(θ)− Pmarket

Pmarket

)2

, (2.3.5)
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IRS OIS 1m/3m 3m/6m
T bid ask bid ask bid ask bid ask
0.5 1.57511 1.57511 1.3455 1.3555 2.5057 5.9943 9.5544 10.1956
1 1.6286 1.6316 1.4655 1.4715 6.2566 6.7434 10.127 11.0731
2 1.8071 1.8121 1.59 1.63 7.127 8.873 10.8631 11.3869
3 1.9235 1.9284 1.699 1.709 8.1502 8.8498 11.2344 12.0156
4 2.0095 2.0115 1.749 1.799 8.1319 9.1181 11.4939 12.3061
5 2.0815 2.0832 1.827 1.837 8.2078 9.0422 11.8685 12.8315
6 2.1469 2.1488 1.862 1.912 7.8617 8.8383 12.1997 13.1753
8 2.261 2.264 1.961 2.011 7.2408 8.0593 13.1587 13.8513
9 2.3086 2.3103 1.992 2.042 7.3706 7.8294 13.5685 14.3315
10 2.3519 2.3533 2.035 2.085 6.8616 7.8384 13.4028 14.7973

Table 2.7 : Market data quotes on 31/10/2017. Source: Bloomberg

where N is the number of calibration instruments. θ represents a choice of parameters

from Θ, the admissible set of model parameter values. Pmodel and Pmarket are the model and

market prices, respectively. In our case, Pmodel is the left hand side of (2.2.23) and Pmarket is

the right hand side of the same equation. Market instruments are usually quoted as bid and

ask prices, therefore we consider market prices to be accurate only to within the bid/ask

spread. Thus, we solely require the model prices to fall within bid–ask domain rather than

attempting to fit the mid price exactly. The problem in (2.3.5) can be reformulated as

arg min
θ∈Θ

N∑
i=1

(
max

{
Pmodel(θ)− P ask

market

P ask
market

, 0

}
+ max

{
P bid

market − Pmodel(θ)

P bid
market

, 0

})2

. (2.3.6)

Gradient-based techniques typically are inadequate to handle high–dimensional prob-

lems of this type. Instead, we utilise two methods for global optimisation, Differential

Evolution (DE) (see Storn & Price (2009), and Storn & Price (1997)) and Adaptive Sim-

ulated Annealing (ASA) (see Ingber (1996), and Ingber (1993)).



47

Multiple Tenors
1–month 3–month 6–month

T bid ask bid ask bid ask
0.5 0.002059 0.00206 0.002539 0.00253973 0.003505 0.003605
1 0.002207 0.002479 0.003106 0.00330721 0.00473 0.005131
2 0.005426 0.00633 0.007384 0.00788669 0.01009 0.010994
3 0.012186 0.012798 0.014942 0.01495405 0.01844 0.019053
4 0.023043 0.023472 0.026109 0.02653424 0.030339 0.031565
5 0.03744 0.03948 0.04106 0.04309623 0.045882 0.048916
6 0.060088 0.060881 0.064115 0.06490192 0.070142 0.070938
8 0.111311 0.112716 0.115973 0.11736771 0.123485 0.124895
9 0.137135 0.139109 0.14207 0.14403267 0.150439 0.152421
10 0.168827 0.169391 0.173875 0.17442678 0.182102 0.184577

Table 2.8 : Processed basis swap data on 01/01/2013

2.3.3 Model parameters

Recall that the model is made up of the following quantities: rc which is the short rate

abstraction of the interbank overnight rate, φ the pure funding liquidity risk, and λ which

represents the credit or renewal risk portion of roll-over risk.

In order to keep the dimension of the optimisation problem manageable, we split the

calibration into 3 stages:

• Stage 1: Fit the model to OIS data. The OIS model parameters consist of the set

θ = {ai, yi(0), σi, κi, θi, ∀i = 1, · · · , d, and a0(t), t ∈ [Tk−1, Tk], k = 1, 2, · · · , 10}.

where d is the number of factors (one or three in the cases considered here).

• Stage 2: Using Stage 1 calibrated parameters, calibrate the model to basis swaps.

From the results in Section 2.9, note that basis swaps depend on c0(t) and b0(t)

only via c0(t) + qb0(t), i.e. the two cannot be separated based on basis swap data

alone — this will be done when calibration to credit default swaps is implemented
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Multiple Tenors
1–month 3–month 6–month

T bid ask bid ask bid ask
0.5 0.001221 0.001221 0.001631 0.001631 0.001729 0.001754
1 0.002442 0.002517 0.003366 0.003391 0.003575 0.003613
2 0.012294 0.012474 0.014311 0.014392 0.014734 0.01484
3 0.031115 0.031395 0.03431 0.034441 0.034941 0.035109
4 0.055274 0.055672 0.059697 0.059896 0.060544 0.060792
5 0.081657 0.082173 0.087255 0.087523 0.088302 0.088632
6 0.109406 0.11004 0.115978 0.116318 0.117221 0.117634
8 0.166117 0.166952 0.174084 0.174538 0.175697 0.176245
9 0.194741 0.195675 0.203165 0.203676 0.204955 0.205571
10 0.22333 0.224432 0.232112 0.232749 0.234074 0.234826

Table 2.9 : Processed basis swap data on 08/09/2014

in Section 2.4. Define d0(t) = c0(t) + qb0(t) and in this stage assume constant d0.

Thus, the parameters which need to be determined in this step are

θ = {bi, ci, q, ∀i = 1, · · · , d, and d0}.

• Stage 3: Now, keeping all other parameters fixed, we improve the fit to vanilla

and basis swaps by allowing d0(t) to be a piecewise constant function of time,

i.e. d0(t) = d
(k)
0 for t ∈ [Tk−1, Tk). Since the shortest tenor is one month, the

[Tk−1, Tk) are chosen to be one–month time intervals. The calibration problem

is then underdetermined, so we aim for the d(k)
0 to vary as little as possible by

imposing an additional penalty in the calibration objective function based on the

sum of squared deviations between consecutive values, i.e.

∑
k

(d
(k+1)
0 − d(k)

0 )2.

This type of smoothness criterion on time–varying parameters is well established

in the literature on the calibration of interest rate term structure models, with its use
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Multiple Tenors
1–month 3–month 6–month

T bid ask bid ask bid ask
0.5 0.00176 0.00176 0.002215 0.00221491 0.002334 0.002359
1 0.00404 0.004101 0.005089 0.0050991 0.005308 0.005318
2 0.01536 0.015505 0.017798 0.01784217 0.018183 0.018251
3 0.032558 0.032879 0.036564 0.03673471 0.037111 0.037318
4 0.053563 0.054014 0.059111 0.05936065 0.059809 0.060109
5 0.075292 0.078497 0.082287 0.08524178 0.083152 0.086168
6 0.102126 0.102808 0.110365 0.11074807 0.111374 0.111831
8 0.152956 0.154348 0.163514 0.16413567 0.164872 0.165591
9 0.178509 0.179564 0.189791 0.19040538 0.191326 0.192048
10 0.203519 0.20475 0.215677 0.21642203 0.217419 0.218283

Table 2.10 : Processed basis swap data on 18/06/2015

in this context dating back to the seminal paper by Pedersen (1998).

2.3.4 Fitting to OIS discount factors

We use overnight index swap (OIS) data to extract the OIS discount factors DOIS(t, T )

as per equations (2.2.11) and (2.2.19). Note that this is model–independent.

Bloomberg provides OIS data out to a maturity of 30 years. However, there seems to

be a systematic difference in the treatment of OIS beyond 10 years compared to maturities

of ten years or less. This becomes particularly evident when one looks at the forward rates

implied by the OIS discount factors: As can be seen in Figure 2.1, there is a marked spike

in the forward rate at the 10–year mark. Therefore, for the time being we will focus on

maturities out to ten years only in our model calibration.

The OIS discount factors depend only on the dynamics of rc, thus calibrating to OIS

discount factors only involves the parameters in equation (2.2.26). As is standard practice

in CIR–type term structure models,13 we can ensure that the model fits the observed (ini-

tial) term structure by the time dependence in the (deterministic) function a0(t). In the

13See e.g. Brigo & Mercurio (2006), Section 4.3.4.



50

Multiple Tenors
1–month 3–month 6–month

T bid ask bid ask bid ask
0.5 0.003619 0.003647 0.004511 0.0045113 0.004759 0.004809
1 0.005959 0.006142 0.007678 0.0077132 0.008211 0.008274
2 0.014884 0.014846 0.017748 0.01782886 0.018687 0.018843
3 0.025569 0.025497 0.029694 0.02984363 0.031001 0.031225
4 0.038252 0.038542 0.043628 0.04371581 0.045235 0.045422
5 0.052674 0.05329 0.059173 0.05929933 0.061049 0.061299
6 0.069062 0.069592 0.076537 0.0767364 0.078775 0.078976
8 0.105622 0.106731 0.114358 0.11447749 0.117203 0.117326
9 0.124862 0.126245 0.134245 0.13455404 0.137316 0.137842
10 0.144447 0.146051 0.154534 0.15492554 0.157968 0.158577

Table 2.11 : Processed basis swap data on 20/04/2016

one–factor case (d = 1), choosing a1 = 1, we first fit the initial y1(0) and constant param-

eters a0, κ1, θ1 and σ1 in such a way as to match the observed OIS discount factors on a

given day as closely as possible,14 and then choose time–dependent (piecewise constant)

a0(t) to achieve a perfect fit, as illustrated in Figure 2.2. In this figure, the difference

between the discount factor based on OIS bid and the model discount factor is always

negative, and the difference between the discount factor based on OIS ask and the model

discount factor is always positive. This means that we have fitted the model to the market

in the sense that the model price always lies between the market bid and ask.

The fitted parameters are shown in Tables 3.1 to 3.3.

2.3.5 OIS parameter stability analysis

The aim of this section is to consider the calibration of the OIS model to a history

of data time (t1, t2, · · · , tN), i.e. calibration of daily OIS based discount factors from

01/01/2013 to 18/10/2016. Essentially we seek to examine how structural stable are the

14If one were to include market instruments with option features in the calibration, the volatility param-
eters would be calibrated primarily to those instruments, rather than the shape of the term structure of OIS
discount factors.
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Multiple Tenors
1–month 3–month 6–month

T bid ask bid ask bid ask
0.5 0.006299 0.006438 0.007121 0.007121 0.008094 0.008129
1 0.012229 0.012395 0.013739 0.013789 0.015472 0.015641
2 0.028728 0.029184 0.031706 0.031884 0.034754 0.035189
3 0.048057 0.049177 0.052595 0.052634 0.056702 0.057158
4 0.069256 0.070529 0.074733 0.074959 0.080081 0.080534
5 0.091744 0.092245 0.097694 0.097844 0.104251 0.104645
6 0.114302 0.115254 0.121039 0.121385 0.128696 0.129575
8 0.159765 0.16073 0.167806 0.16827 0.177783 0.178909
9 0.182554 0.183666 0.191267 0.191792 0.202934 0.203644
10 0.205538 0.206477 0.214898 0.215176 0.227307 0.228482

Table 2.12 : Processed basis swap data on 22/03/2017

OIS model calibrated parameters. In particular this is crucial because OIS calibration is

carried over to the next calibration stage for the roll-over risk parameters. The stability for

the remained parameters entirely depends on the nature of OIS parameters. The calibra-

tion mechanics is such that initial value parameters that are chosen to calibrate a model

are those parameters calibrated for the last day, what is called dynamic approach.

As it can be observed from Figure 2.4 parameters gradually change (changes in bp)

from day to day. This change is usually triggered by events such as market reactions. For

each parameter we consider the calibrated time series. We also presented the value of

the objective function for each days (1388 data points). Figure 2.5 depicts a histogram of

the daily parameter changes. This is extremely useful when we analyse the model. Since

the RMSE values concentrate around zero, this means no significant bias seen in a OIS

calibration model.

Suppose φi denote some model parameter calibrated at time ti. Then the statistical



52

Multiple Tenors
1–month 3–month 6–month

T bid ask bid ask bid ask
0.5 0.007524 0.007698129 0.007822533 0.007823 0.008298 0.00833
1 0.015443 0.0155223 0.016112634 0.016143 0.017116 0.017241
2 0.033705 0.034158844 0.035451946 0.035562 0.037587 0.037801
3 0.05351 0.053878508 0.056101028 0.056264 0.059385 0.059777
4 0.073887 0.074397866 0.077414716 0.077542 0.081853 0.082297
5 0.09495 0.095502146 0.099282439 0.099432 0.104956 0.10557
6 0.116633 0.117417121 0.121665782 0.12189 0.128596 0.129381
8 0.160864 0.161977742 0.166848162 0.167346 0.176586 0.177612
9 0.183127 0.18402563 0.189595654 0.190104 0.200767 0.201926
10 0.205248 0.206745336 0.212371113 0.212968 0.224505 0.226393

Table 2.13 : Processed basis swap data on 31/10/2017

information based on relative mean and relative standard deviation

MR(φ) =
1

N − 1

N∑
i=2

φti − φti−1

φti−1

, and VR(φ) =
1

N − 1

N∑
i=2

(φti − φti−1
−MR)2

for parameter changes in a model are tabulated in Table 2.21. Again all these measures

are close to zero, justifying the stability and robust calibration.

2.3.6 Fitting to OIS, vanilla and basis swaps

The calibration condition for each vanilla swap is given by equation (2.2.23), and for

each basis swap we obtain a condition as in (2.2.24) or (2.2.25). Specifically, in USD

we have vanilla swaps exchanging a floating leg indexed to three–month LIBOR paid

quarterly against a fixed leg paid semi-annually. We combine this with basis swaps for

three months vs. six months and one months vs. three months, giving us three calibration

conditions for each maturity (again, we restrict ourselves to maturities out to ten years for

which data is available from Bloomberg, i.e. maturities of six months, 1, 2, 3, 4, 5, 6, 8, 9

and 10 years).
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Figure 2.1 : OIS–implied forward rates on 1 January 2013 (based on data from
Bloomberg)

Figure 2.6 shows the fits of a one–factor model to vanilla and basis swap data obtained

for 1 January 2013, 8 September 2014, 18 June 2015, 20 April 2016, 22 March 2017 and

31 October 2017, respectively. Table 2.22 gives the corresponding model parameters.15

As the fit of the one–factor model to the market is no longer perfect (though close)

once vanilla and basis swap data are taken into account, we expand the number of fac-

tors to three (d = 3), modifying the staged procedure to further facilitate the non-linear

optimisation involved in the calibration: We first fit a one–factor model to OIS data as de-

scribed in Section 2.3.4, and then keep those parameters fixed in the three-factor model,

setting a2 = a3 = 0 to maintain the OIS calibration, and then fit the initial y2(0), y3(0)

and constant parameters d0, b1, b2, b3, c1, c2, c3, κ2, κ3, θ2, θ3 and σ2, σ3 in such a way as

to match the swap calibration conditions on a given day as closely as possible.

Lastly, in order to improve the fit further, we allow for time–dependent (piecewise

constant) d0. Figure 2.7 shows the resulting fits for 1 January 2013, 8 September 2014, 18

15Given that there is insufficient information contained on vanilla and basis swaps to calibrate the loss–
in–default fraction q (q is essentially just a scaling parameter), we fix q = 0.6, i.e. a default recovery rate
of 40%.
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June 2015, 20 April 2016, 22 March 2017 and 31 October 2017, respectively, and Table

2.23 gives the corresponding model parameters.

From these results, we note that on a given day, the model can be simultaneously

calibrated to all available OIS and vanilla/basis swap data, resulting in a fit between the

bid and ask prices for all maturities, except for small discrepancies, mainly for maturities

up to a year.

2.4 Separating Funding Liquidity Risk and Credit Risk Using CDS

This section aims to disentangle the components φ(s) and λ(s) by including credit

default swaps (CDS) in the calibration. The coupon leg of the CDS consists of a streams

of payments while there is no default and the protection leg of the CDS only pays when

default happens before maturity of the CDS. Since the reference rates for the vanilla and

basis swaps are LIBORs, in our CDS calibration we focus on banks on the LIBOR panel.

Because the payoff of a CDS is contingent on default of its reference entity, default must

now be modelled explicitly, i.e. we also have to disentangle the default–free interest rate

r and the default intensity, rather than directly modelling the LHS of 2.2.1, rc. To do

this, one needs information on the systemic default risk component Λ of rc as specified

in (2.2.1). However, identifying this from market information is not reliably possible, as

Filipović and Trolle (2013) also have found.16 They fix Λ at 5 basis points (bp), noting

that “reasonable variations“ in the value of Λ do not change their results, a point which

also applies in our context, and thus we follow this modelling choice.

16Typical candidates as proxies for a risk–free rate, i.e. government bonds or repo rates, often result in
term structures which intersect the term structure implied by OIS, indicating that the spread between OIS
and these rates is not a reliable proxy for Λ.
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2.4.1 Setting up the calibration

Let τ j be the default time of the bank j in the panel. Define a full filtration F jt =

F τ jt ∨Ht, where

F τ jt = σ({τ j > u} : u ≤ t)

is a subfiltration generated by τ j andHt is a subfiltration that contains default–free infor-

mation, also known as “market filtration”. Then the default intensity λ̂j(s) = Λ(s)+λj(s)

of bank j is Ht-adapted, and λj gives the departure of λ̂j of bank j from the panel’s sys-

temic Λ. We then take the λ required by the roll–over risk pricing conditions derived in

Section 2.2 to be the average over the λj in the panel17 and consequently the coefficients

of the dynamics of λ are the averages (due to linearity in coefficients) of the corresponding

coefficients of the λj .

Analogously to (2.2.26)–(2.2.28), define rc as

rc(t) = α0(t) + 〈α,X(t)〉 (2.4.1)

where as before the coefficients α0(t), α are calibrated to OIS discount factors via condi-

tion 2.2.9. Following Filipović and Trolle (2013), Λ(t) is fixed identically equal to 5 basis

points, and we obtain the default–free rate r via

r(t) = rc(t)− Λq (2.4.2)

17We note that LIBOR is determined by taking the trimmed average of the corresponding simple–
compounded rates quoted by the panel banks. Thus, for the sake of tractability, with this assumption we
are making two approximations: Firstly, taking the relationship between λj and the simple–compounded
rate quoted by the j-th bank to be approximately linear, and secondly assuming that the trimmed outliers
lie approximately symmetrically above and below the panel average (in which case the trimmed average is
approximately equal to the untrimmed average).
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The idiosyncratic default intensity associated with the j–th bank follows

λ̂j(t) = Λ + λj(t) = b̂j0(t) + 〈b̂j, X(t)〉, (2.4.3)

and the aim is to calibrate the coefficients of these dynamics to the corresponding credit

default swaps. As noted above, λ(t) is calculated as the average of λj(t). We can then

write

rc(t) + λ(t)q = d0(t) + 〈d,X(t)〉,

Fixing q = 0.6 as before and noting

d0(t) = a0(t) + qb̂0(t)− qΛ (2.4.4)

di = ai + qbi, (2.4.5)

we are left with the freedom to determine the coefficients c0(t), c of the dynamics (2.2.28)

of the “funding liquidity” component φ of roll–over risk. We obtain c0(t), c by calibrating

to vanilla and basis swaps via conditions (2.2.23) to (2.2.25).

2.4.2 Pricing the CDS

The time t-value of a zero–recovery zero coupon bond with notional 1 issued by the

j–th bank within the LIBOR panel is given by

Bj(t, T ) = EQ
[
e−

∫ T
t r(s)dsIτ j>T | Ft

]
= EQ

[
e−

∫ T
t r(s)+λ̂j(s)ds | Ht

]
= EQ

[
e−

∫ T
t rc(s)−(qΛ−λ̂j(s))ds | Ht

]
= DOIS(t, T )EQT

[
e−

∫ T
t (λ̂j(s)−qΛ)ds | Ht

]
.

(2.4.6)

In Appendix 2.10 we develop the previous expression in terms of our affine specification.

Let us now consider the pricing of a Credit Default Swap, i.e. a contractual agreement
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between the protection buyer and the protection seller, typically designed to provide pro-

tection from a credit event associated with a risky bond issued by the reference entity18.

CDS represent the most liquid credit derivative contracts by far.

• The protection buyer pays rate C (the CDS spread) at times T1, · · · , TN = T .

• The protection seller agrees to make a single protection payment called Loss Given

Default (LGD) (i.e. L = 1 − R, where R is assumed to be a fixed cash recovery)

in case the default event happens between T0 and T .

Let (Tk)k=1,··· ,N be the CDS spread payment dates and τ the default time. The CDS

discounted payoff from the perspective of a protection buyer, with unit notional and pro-

tection payment 1−R, is at time t ≤ T1

CDS(t, T ) =EQ
[
e−

∫ τ
t rc(s)ds(1−R)I{τ≤T} | Ft

]
︸ ︷︷ ︸

(1)

(2.4.7)

− EQ

[
N∑
k=1

e−
∫ Tk
t rc(s)ds(Tk − Tk−1)CI{τ>Tk} | Ft

]
︸ ︷︷ ︸

(2)

(2.4.8)

− EQ

[
N∑
k=1

e−
∫ τ
t rc(s)ds(τ − Tk−1)CI{τ∈[Tk−1,Tk]} | Ft

]
︸ ︷︷ ︸

(3)

,

where:

(1) Protection leg payment, price of any proceeds from default before T ;

(2) No-default spread payments;

18We drop the subscript corresponding to the reference entity bank j in order simplify the notation, when
there is no ambiguity.
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(3) Payments of accrued spread interest at default.

We proceed to evaluate each of these components.

EQ
[
e−

∫ T
t rc(s)dsI{τ>T} | Ft

]
= DOIS(t, T )EQT [I{τ>T} | Ft] (2.4.9)

= DOIS(t, T )EQT
[
e−

∫ T
t λ̂j(s)ds | Ft

]
:= DOIS(t, T )Z(t, T ).

Here the dynamics of λ̂j(s) have to be adjusted in accordance with T -forward measure.

It is easy to see that

dZ(t, u)

du
= −EQT

[
e−

∫ u
t λ̂j(s)dsλ̂j(u) | Ft

]
, (2.4.10)

where the change of order of differentiation and expectation is justified by the dominated

convergence theorem.
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Consider a mesh {tp} on the interval [Tk−1, Tk],

EQ

[
N∑
k=1

e−
∫ τ
t rc(s)dsC(τ − Tk−1)I{τ∈[Tk−1,Tk]} | Ft

]
(2.4.11)

= EQ

[
N∑
k=1

e−
∫ τ
t rc(s)dsC(τ − Tk−1)I{τ∈[Tk−1,Tk]}

∑
p

I{τ∈[tp,tp+1]} | Ft

]

=
N∑
k=1

C
∑
p

DOIS(t, tp)EQT [(tp − Tk−1)I{τ∈[tp,tp+1]} | Ft
]

=
N∑
k=1

C
∑
p

DOIS(t, tp)(tp − Tk−1)EQT [I{τ>tp} − I{τ>tp+1} | Ft
]

=
N∑
k=1

C
∑
p

DOIS(t, tp)(tp − Tk−1) [Z(t, tp)− Z(t, tp+1)]

≈ C
N∑
k=1

∫ Tk

Tk−1

DOIS(t, u)(u− Tk−1)dZ(t, u)

= −C
N∑
k=1

∫ Tk

Tk−1

DOIS(t, u)(u− Tk−1)EQT
[
e−

∫ u
t λ̂j(s)dsλ̂j(u) | Ft

]
du.

Finally, the protection leg can be decomposed as follows:

EQ
[
e−

∫ τ
t rc(s)ds(1−R)I{τ<T} | Ft

]
(2.4.12)

= EQ

[
e−

∫ τ
t rc(s)ds(I{τ<T ]}(1−R)

∑
p

I{τ∈[tp,tp+1]} | Ft

]

= (1−R)
∑
p

DOIS(t, tp)EQT [I{τ∈[tp,tp+1]} | Ft
]

= (1−R)
∑
p

DOIS(t, tp)EQT [I{τ>tp} − I{τ>tp+1} | Ft
]

= (1−R)
∑
p

DOIS(t, tp) [Z(t, tp)− Z(t, tp+1)]

≈ (1−R)

∫ T

t

DOIS(t, u)dZ(t, u)

= −(1−R)

∫ T

t

DOIS(t, u)EQT
[
e−

∫ u
t λ̂j(s)dsλ̂j(u) | Ft

]
du.

Putting it all together, the expression of the price of a CDS written on the j–th bank in the
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panel can now be written as

CDS(t, T ) =− (1−R)

∫ T

t

DOIS(t, u)EQT
[
e−

∫ u
t λ̂j(s)dsλ̂j(u) | Ft

]
du (2.4.13)

− C
N∑
k=1

(Tk − Tk−1)DOIS(t, Tk)Z(t, Tk)

− C
N∑
k=1

∫ Tk

Tk−1

DOIS(t, u)(u− Tk−1)EQT
[
e−

∫ u
t λ̂j(s)dsλ̂j(u) | Ft

]
du.

The market–quoted CDS spread st at time t is the value of C such that CDS(t, T ) = 0.

Thus the CDS calibration problem is to determine the coefficients of the dynamics of λ̂j

such that the RHS of (2.4.13) equals zero when the market–quoted CDS spread for the

j–th bank is substituted for C, for all maturities T for which market–quoted CDS spreads

for the j–th bank are available.

2.4.3 Calibration procedure and numerical results

The calibration procedure outlined above thus proceeds in three steps:

1. Calibrate the coefficients α0(t), α of the dynamics of rc to the term structure of

discount factors implied by OIS. This is identical to the first step of the calibration

described in Section 2.3.6, so we do not present the results of this step here.

2. Calibrate the coefficients b̂j0(t), b̂j of the dynamics of the idiosyncratic default in-

tensity λ̂j to the term structure of CDS spreads of bank j. Taking the average over

all j of each coefficient in b̂j0(t), b̂j and subtracting Λ = 5 bp from b̂0(t) gives the

coefficients b0(t), b of the dynamics of λ.

3. Calibrate the coefficients c0(t), c of the dynamics of the “funding liquidity” compo-

nent φ of roll–over risk simultaneously to all available vanilla and basis swaps.

For the reasons stated in Section 2.3.4, we restrict ourselves to maturities up to ten years.

We report the calibration results for six exemplary dates, 1 January 2013, 8 September
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2014, 18 June 2015, 20 April 2016, 22 March 2017 and 31 October 2017. Results for

other days in our data set are qualitatively similar. For IRS, OIS and basis swaps here we

use the same instruments as in Section 2.3. The USD LIBOR panel is made up of the 17

banks listed in Table 2.24. Where CDS quotes (sourced from Markit) were not available

on a given day for a given panel bank (e.g. for Lloyds Banking Group, Rabobank and

Royal Bank of Canada), we have dropped these from our calibration. For the remaining

panel banks, we used all available maturities in the CDS calibration, i.e. 0.5, 1, 2, 3, 4, 5,

7 and 10 years.

The calibrated coefficients b for each day, in the one–factor and in the three–factor

model, are given in Tables 2.25–2.30. Both the one–factor and three–factor model fit the

Markit quotes to well within one basis point, as Tables 2.31 to 2.36 show. Figure 2.8

shows the fitting errors for CDS when the model is calibrated to individual LIBOR panel

members on the 31 October 2017. As it can be seen the model fit well the CDS spread

within 0.001 basis point. Figure 2.9 shows the convergence of the objective function.
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Figure 2.8 : Fit to LIBOR Panel Banks on 31 October 2017
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Figure 2.9 : Objective function on 31 October 2017

Moving to Step 3 in the calibration procedure, as in Section 2.3.6 we plot the bid and

ask values for each tenor relative to the value produced by the calibrated model. The

results in this step differ from those reported in Section 2.3.6, because now part of the

roll–over risk (the part which a borrower faces due to the possibility of having to pay a

higher credit spread than the LIBOR panel average in the future) is already determined

by the credit spread dynamics calibrated in Step 2. Nevertheless, the one–factor model

still fits the market reasonably well, as Figure 2.10 shows — and this could be improved

further by a staged fit of a three–factor model in the same manner as in Section 2.3.

Thus we see that the model, even in its one–factor version, can be calibrated simulta-

neously to market data on a given day for OIS, CDS, interest rate and basis swaps. This

is achieved in the usual fashion19 of fitting interest rate term structure models to the mar-

ket, using “term structures” of time–dependent coefficients α0(t), b0(t) and c0(t). In this

19This approach was pioneered in interest–rate term structure modelling by Hull & White (1990), and
developed in the fashion used here by Brigo & Mercurio (1998) (it is called “the CIR++ Model” in Brigo
& Mercurio (2006)).
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sense, our approach extends the interest rate term structure modelling framework to roll–

over risk in a relatively straightforward and consistent fashion. However, when calibrating

simultaneously to all terms (1–month, 3–month and 6–month), the calibrated c0(t) are not

very smooth, see Figure 2.11, which may be due to market frictions not captured by the

model, or an indication that the market across tenors has yet to mature fully.20

20In a simpler model of roll–over risk, Chang & Schlögl (2015) show how the ability of that model to
fit the market for basis swaps has improved in the years since the tenor basis became an economically
significant phenomenon as a result of the financial crisis of 2007/8.



64

1 2 3 4 5 6 7 8 9 10

Maturity

-3

-2

-1

0

1

2

10-3

 model -  market bid
 model -  market ask

(a) 1 January 2013

1 2 3 4 5 6 7 8 9 10

Maturity

-3

-2.5

-2

-1.5

-1

-0.5

0

0.5

1

1.5
10-3

 model -  market bid
 model -  market ask

(b) 08 September 2014

1 2 3 4 5 6 7 8 9 10

Maturity

-3

-2

-1

0

1

2

3
10-3

 model -  market bid
 model -  market ask

(c) 18 June 2015

1 2 3 4 5 6 7 8 9 10

Maturity

-2.5

-2

-1.5

-1

-0.5

0

0.5

10-3

 model -  market bid
 model -  market ask

(d) 20 April 2016

1 2 3 4 5 6 7 8 9 10

Maturity

-1

-0.5

0

0.5

1

1.5

2

2.5

3

3.5

4

10-3

 model -  market bid
 model -  market ask

(e) 22 March 2017

1 2 3 4 5 6 7 8 9 10

Maturity

-3

-2

-1

0

1

2

10-3

 model -  market bid
 model -  market ask

(f) 31 October 2017

Figure 2.2 : One–factor model fit to OIS discount factors (based on data from Bloomberg)
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Factor y(0) κ θ σ a

3
0.020999 0.177224 0.021743 0.061658 1.30E-03
0.880113 0.993415 0.730216 0.741557 6.84E-05

0.102 0.561599 0.449548 0.090035 0.00726
1 0.071785 0.831751 0.324834 0.186944 0.006648

Table 2.14 : CIR model calibrated parameters on 01/01/2013

Factor y(0) κ θ σ a

3
0.020999 0.177224 0.021743 0.061658 1.30E-03
0.880113 0.993415 0.730216 0.741557 6.84E-05

0.102 0.561599 0.449548 0.090035 0.00726
1 0.071785 0.831751 0.324834 0.186944 0.006648

Table 2.15 : CIR model calibrated parameters on 08/09/2014

Factor y(0) κ θ σ a

3
0.015512 0.226613 0.402514 0.40384 0.00934
0.436125 0.639808 0.749105 0.463145 0.001537
0.060921 0.120314 0.105318 0.002473 0.010079

1 0.391549 0.260723 0.239575 0.159804 0.004167
Table 2.16 : CIR model calibrated parameters on 18/06/2015

Factor y(0) κ θ σ a

3
0.164159 0.711752 0.515578 0.730126 0.001715
0.017433 0.266336 0.081388 0.069281 0.008934
0.434907 0.510855 0.347426 0.074449 0.000434

1 0.81164 0.9931 0.148539 0.293441 0.000285
Table 2.17 : CIR model calibrated parameters on 20/04/2016

Factor y(0) κ θ σ a

3
0.342 0.7045459 0.2785814 0.254248 0.003887

3 0.534943 0.6002792 0.966547 0.333788 0.001546
0.673438 0.4692102 0.1112721 0.206185 0.001157

1 0.340134 0.2156976 0.1746632 0.005657 9.40E-03
Table 2.18 : CIR model calibrated parameters on 22/03/2017

Factor y(0) κ θ σ a

3
0.365879 0.2461593 0.1192502 0.11067 0.000127

3
0.028448 0.2058425 0.9971775 0.177739 0.000251
0.095642 0.9477889 0.4641101 0.312365 0.003171

1 0.773084 0.2608761 0.7980566 0.264573 3.34E-03
Table 2.19 : CIR model calibrated parameters on 31/10/2017
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T a
(1)
0 a

(3)
0

0.5 0.000141 0.000654
1 0.000975 0.000259
2 0.000617 0.001302
3 0.003642 0.004376
4 0.008306 0.005968
5 0.011684 0.01416
6 0.020163 0.018221
8 0.029566 0.031353
9 0.017738 0.01448

10 0.027455 0.030407
(a) 01 January 2013

T a
(1)
0 a

(3)
0

0.5 0.000226 7.02E-05
1 0.001425 0.000756
2 0.007434 0.006964
3 0.016598 0.014906
4 0.021122 0.020331
5 0.023869 0.025007
6 0.027369 0.024394
8 0.039057 0.038274
9 0.008925 0.008111

10 0.033362 0.02763
(b) 08 September 2014

T a
(1)
0 a

(3)
0

0.5 0.000322 0.000182
1 0.003303 0.002642
2 0.009261 0.007568
3 0.014518 0.013462
4 0.02072 0.016083
5 0.022888 0.019099
6 0.025367 0.023494
8 0.036211 0.032496
9 0.007478 0.005784

10 0.029081 0.022607
(c) 18 June 2015

T a
(1)
0 a

(3)
0

0.5 0.003998 0.003366
1 0.005432 0.004792
2 0.006972 0.005715
3 0.008784 0.00756
4 0.01063 0.009215
5 0.012682 0.010172
6 0.013324 0.011937
8 0.022549 0.021233
9 0.006292 0.004677
10 0.017367 0.019212

(d) 20 April 2016

T a
(1)
0 a

(3)
0

0.5 0.006667 0.006766
1 0.009529 0.00978
2 0.012614 0.012493
3 0.015748 0.015599
4 0.016677 0.017447
5 0.019813 0.017904
6 0.019809 0.019014
8 0.030165 0.029841
9 0.002889 0.001362

10 0.026624 0.023907
(e) 22 march 2017

T a
(1)
0 a

(3)
0

0.5 0.010865 0.012902
1 0.013164 0.014817
2 0.014373 0.01626
3 0.016675 0.016998
4 0.016015 0.019136
5 0.018735 0.017861
6 0.018916 0.021131
8 0.029504 0.029561
9 0.003794 0.00262
10 0.021191 0.022741

(f) 31 October 2017

Table 2.20 : Time-dependent parameter calibrations
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(f) 31 October 2017

Figure 2.3 : Three–factor model fit to OIS discount factors (based on data from
Bloomberg)
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y0 a σ κ θ

MR 2.56E-06 2.79E-06 2.14E-09 -2.01E-08 6.12E-07
VR 3.98E-10 1.09E-09 3.79E-12 1.39E-12 6.62E-10

Table 2.21 : OIS model calibration measures

06/2013 01/2014 07/2014 02/2015 08/2015 03/2016 09/2016

Date
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(c) Time dependent parameter stability (d) y0 daily changes

Figure 2.4 : OIS model parameter stability analysis

Date y(0) a b c q σ κ θ

1-Jan-13 0.799385 0.001451 0.000285 0.000053

0.6

0.578554 0.650951 0.474633
8-Sep-14 0.071785 0.006648 0.003282 0.006856 0.186944 0.831751 0.324834

18-Jun-15 0.391549 0.004167 0.000098 0.004205 0.159804 0.260723 0.239575
20-Apr-16 0.811640 0.000285 0.003622 0.006160 0.293441 0.993100 0.148539
22-Mar-17 0.340134 0.009399 0.028635 0.000331 0.005657 0.215698 0.174663
31-Oct-17 0.773084 0.003339 0.002620 0.002121 0.264573 0.260876 0.798057

Table 2.22 : One–factor model parameters calibrated to Basis Swaps
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(a) a daily changes (b) σ daily changes

(c) κ daily changes (d) θ daily changes

Figure 2.5 : Histogram of the daily OIS parameter changes
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Figure 2.6 : One–factor model fit to Basis Swaps (based on data from Bloomberg)
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y(0) a b c q σ κ θ
0.799385 0.001451 0.000142 0.000021 0.578554 0.650951 0.474633
0.057648 0.000000 0.000273 0.000269 0.6 0.034908 0.779134 0.025320
0.013813 0.000000 0.008986 0.006984 0.075769 0.480718 0.006242

(a) 01 January 2013

y(0) a b c q σ κ θ
0.071785 0.006648 0.000716 0.000065 0.186944 0.831751 0.324834
0.020407 0.000000 0.001991 0.000436 0.6 0.355817 0.774887 0.094999
0.163178 0.000000 0.000495 0.000063 0.369812 0.719246 0.922173

(b) 08 September 2014

y(0) a b c q σ κ θ
0.391549 0.004167 0.000643 0.000119 0.159804 0.260723 0.239575
0.150116 0.000000 0.000469 0.000311 0.6 0.255223 0.474243 0.070338
0.088759 0.000000 0.002411 0.001700 0.137399 0.915817 0.011307

(c) 18 June 2015

y(0) a b c q σ κ θ
0.811640 0.000285 0.000172 0.000189 0.293441 0.993100 0.148539
0.076618 0.000000 0.000120 0.002577 0.6 0.111018 0.203975 0.176561
0.004937 0.000000 0.012826 0.006517 0.032830 0.562755 0.008778

(d) 20 April 2016

y(0) a b c q σ κ θ
0.340134 9.40E-03 2.96E-05 9.37E-05 0.005657 0.215698 0.174663
0.000873 0 0.002236 0.001796 0.6 0.042845 0.182336 0.014394
0.000873 0 0.000662 0.000394 0.036528 0.960969 0.031956

(e) 22 March 2017

y(0) a b c q σ κ θ
0.773084 3.34E-03 5.39E-05 3.72E-05 0.264573 0.260876 0.798057
0.013896 0 0.113603 0.008913 0.6 0.004227 0.397512 0.000212
0.065454 0 7.94E-05 4.09E-06 0.403512 0.903787 0.805810

(f) 31 October 2017

Table 2.23 : Basis model parameters
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Figure 2.7 : Tenors fit to market data (based on data from Bloomberg)
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TICKER LONGNAME

BACORP Bank of America Corporation
MUFJ-BTMUFJ The Bank of Tokyo–Mitsubishi UFJ, Ltd.

BACR-Bank BARCLAYS BANK PLC
C Citigroup Inc.

ACAFP CREDIT AGRICOLE SA
CSGAG Credit Suisse Group AG

DB DEUTSCHE BANK AKTIENGESELLSCHAFT
HSBC HSBC HOLDINGS plc
JPM JPMorgan Chase & Co.

LBGP LLOYDS BANKING GROUP PLC
COOERAB Cooeperatieve Rabobank U.A.

RY Royal Bank of Canada
SOCGEN SOCIETE GENERALE

SUMIBK-Bank Sumitomo Mitsui Banking Corporation
NORBK The Norinchukin Bank

RBOS-RBOSplc The Royal Bank of Scotland public limited company
UBS UBS AG

Table 2.24 : LIBOR panel banks
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1/01/2013 BACORP MUFJ BACR C ACAFP CSGAG DB HSBC JPM SOCGEN SUMIBK-Bank NORBK RBOS-RBOSplc UBS Average
b̂ 0.000336 0.000346 0.001374 0.000730 0.001578 0.001002 0.000364 0.002495 0.000284 0.001706 0.002854 0.000744 0.001225 0.000284 0.001095
b̂0(1) 0.000729 0.000959 0.000424 0.000624 0.000105 0.000092 0.000243 0.000181 0.000599 0.000493 0.000415 0.000586 0.000063 0.000315 0.000416
b̂0(2) 0.001059 0.001097 0.000605 0.001043 0.000416 0.000122 0.000316 0.000335 0.000748 0.000871 0.000704 0.000900 0.000372 0.000357 0.000639
b̂0(3) 0.002233 0.001734 0.001619 0.002102 0.001851 0.000653 0.000987 0.000900 0.001426 0.002529 0.001267 0.001402 0.001727 0.000977 0.001529
b̂0(4) 0.003720 0.002297 0.002808 0.003415 0.003465 0.001648 0.001951 0.001450 0.002320 0.004311 0.001992 0.001971 0.003514 0.001858 0.002623
b̂0(5) 0.004802 0.003090 0.004064 0.004652 0.005116 0.002671 0.003058 0.002122 0.003072 0.005932 0.002641 0.002625 0.005224 0.002988 0.003718
b̂0(6) 0.005936 0.003927 0.005668 0.005694 0.006907 0.003791 0.004265 0.002893 0.003876 0.007973 0.003359 0.003299 0.007125 0.004123 0.004917
b̂0(7) 0.007750 0.005197 0.007679 0.007484 0.009358 0.005143 0.005755 0.003707 0.004939 0.010708 0.004712 0.004308 0.009693 0.005553 0.006570
b̂0(8) 0.012216 0.007361 0.012166 0.011989 0.015953 0.007550 0.008230 0.005085 0.007049 0.019228 0.007256 0.005878 0.016941 0.007929 0.010345

(a) One-factor CIR
1/01/2013 BACORP MUFJ BACR C ACAFP CSGAG DB HSBC JPM SOCGEN SUMIBK-Bank NORBK RBOS-RBOSplc UBS Average
b̂ 0.003877 0.002813 0.002238 0.004679 0.000436 0.000525 0.001213 0.006026 0.002769 0.003196 0.009427 0.001519 0.001174 0.000080 0.002855
b̂ 0.000009 0.000342 0.000095 0.000283 0.000287 0.000088 0.000149 0.000182 0.000047 0.000076 0.000106 0.000280 0.000165 0.000084 0.000157
b̂ 0.001383 0.001041 0.006035 0.000700 0.004399 0.003073 0.000578 0.000287 0.006179 0.005754 0.005653 0.003782 0.001409 0.000091 0.002883
b̂0(1) 0.000519 0.000578 0.000378 0.000293 0.000149 0.000165 0.000135 0.000360 0.000240 0.000507 0.000340 0.000350 0.000160 0.000325 0.000321
b̂0(2) 0.000787 0.000701 0.000452 0.000671 0.000415 0.000151 0.000197 0.000463 0.000267 0.000771 0.000450 0.000615 0.000452 0.000369 0.000483
b̂0(3) 0.001861 0.001300 0.001271 0.001669 0.001753 0.000595 0.000851 0.000944 0.000732 0.002223 0.000717 0.001010 0.001761 0.000995 0.001263
b̂0(4) 0.003265 0.001830 0.002280 0.002926 0.003265 0.001512 0.001798 0.001432 0.001427 0.003833 0.001192 0.001489 0.003519 0.001884 0.002261
b̂0(5) 0.004284 0.002585 0.003396 0.004128 0.004836 0.002472 0.002888 0.002062 0.002025 0.005308 0.001641 0.002052 0.005201 0.003011 0.003278
b̂0(6) 0.005366 0.003392 0.004896 0.005136 0.006548 0.003538 0.004074 0.002796 0.002690 0.007244 0.002210 0.002662 0.007075 0.004149 0.004413
b̂0(7) 0.007136 0.004653 0.006729 0.006899 0.008918 0.004813 0.005579 0.003565 0.003552 0.009834 0.003350 0.003545 0.009576 0.005596 0.005982
b̂0(8) 0.011616 0.006745 0.011233 0.011401 0.015609 0.007196 0.008053 0.004926 0.005548 0.018592 0.005793 0.005045 0.016816 0.007935 0.009751

(b) Three-factor CIR

Table 2.25 : Model calibration to CDS data for USD LIBOR panel banks on 01/01/2013

1/01/2013 BACORP MUFJ BACR C ACAFP CSGAG DB HSBC JPM SOCGEN SUMIBK-Bank NORBK RBOS-RBOSplc UBS Average
b̂ 0.001824 0.000846 0.000675 0.000601 0.000132 0.000186 0.000896 0.000561 0.000127 0.000130 0.000049 0.000563 0.000530 0.000318 0.000531
b̂0(1) 0.000046 0.000050 0.000299 0.000720 0.000442 0.000382 0.000041 0.000466 0.000718 0.000395 0.000604 0.000214 0.001022 0.000206 0.000400
b̂0(2) 0.000368 0.000251 0.000544 0.001140 0.000589 0.000550 0.000412 0.000653 0.001266 0.000683 0.000756 0.000390 0.001434 0.000353 0.000671
b̂0(3) 0.001086 0.000661 0.001121 0.001806 0.000994 0.000911 0.001077 0.001178 0.001761 0.001423 0.001132 0.000745 0.002305 0.000806 0.001215
b̂0(4) 0.001774 0.001149 0.001783 0.002478 0.001400 0.001300 0.001709 0.001716 0.002192 0.002174 0.001561 0.001145 0.003237 0.001258 0.001777
b̂0(5) 0.002621 0.001780 0.002528 0.003328 0.001867 0.001686 0.002510 0.002355 0.002782 0.003028 0.002159 0.001699 0.004213 0.001799 0.002454
b̂0(6) 0.003447 0.002456 0.003333 0.004081 0.002386 0.002086 0.003270 0.002989 0.003450 0.003877 0.002815 0.002263 0.005337 0.002326 0.003151
b̂0(7) 0.005163 0.003444 0.004840 0.005821 0.003459 0.002899 0.004800 0.004305 0.004839 0.005585 0.003694 0.003051 0.007860 0.003509 0.004519
b̂0(8) 0.008781 0.004610 0.006991 0.009034 0.004698 0.004160 0.007071 0.006184 0.007442 0.008312 0.004945 0.004059 0.012422 0.005033 0.006696

(c) One-factor CIR
1/01/2013 BACORP MUFJ BACR C ACAFP CSGAG DB HSBC JPM SOCGEN SUMIBK-Bank NORBK RBOS-RBOSplc UBS Average
b̂ 0.001148 0.000592 0.000862 0.000520 0.000037 0.000502 0.000331 0.000113 0.000102 0.000047 0.000112 0.000397 0.000496 0.000118 0.000384
b̂ 0.001373 0.000649 0.000646 0.006879 0.000181 0.000222 0.000352 0.000722 0.000140 0.000436 0.000042 0.000360 0.000928 0.001027 0.000997
b̂ 0.000192 0.000226 0.000404 0.000693 0.000020 0.000849 0.000440 0.000553 0.000069 0.000158 0.000331 0.001433 0.000272 0.000095 0.000410
b̂0(1) 0.000857 0.000388 0.000442 0.000252 0.000501 0.000228 0.000444 0.000643 0.000756 0.000561 0.000496 0.000987 0.000187 0.000605 0.000525
b̂0(2) 0.001042 0.000512 0.000595 0.000431 0.000637 0.000304 0.000737 0.000742 0.001289 0.000685 0.000619 0.001248 0.000264 0.000794 0.000707
b̂0(3) 0.001541 0.000801 0.001032 0.000683 0.001023 0.000528 0.001272 0.001137 0.001757 0.001022 0.000899 0.001898 0.000616 0.001275 0.001106
b̂0(4) 0.002060 0.001198 0.001587 0.001009 0.001414 0.000824 0.001813 0.001584 0.002169 0.001416 0.001248 0.002679 0.000987 0.001860 0.001560
b̂0(5) 0.002772 0.001758 0.002258 0.001578 0.001874 0.001149 0.002553 0.002154 0.002749 0.001980 0.001762 0.003548 0.001455 0.002557 0.002153
b̂0(6) 0.003489 0.002376 0.003010 0.002108 0.002376 0.001508 0.003253 0.002737 0.003410 0.002630 0.002293 0.004613 0.001948 0.003293 0.002789
b̂0(7) 0.005086 0.003310 0.004451 0.003557 0.003457 0.002260 0.004737 0.003992 0.004792 0.003496 0.003049 0.007022 0.003032 0.004722 0.004069
b̂0(8) 0.008690 0.004395 0.006581 0.006708 0.004677 0.003496 0.006966 0.005827 0.007391 0.004682 0.004039 0.011583 0.004529 0.006872 0.006174

(d) Three-factor CIR

Table 2.26 : Model calibration to CDS data for USD LIBOR panel banks on 08/09/2014

18/06/2015 BACORP MUFJ BACR C ACAFP CSGAG DB HSBC JPM RY SOCGEN SUMIBK-Bank NORBK RBOS-RBOSplc UBS Average
b̂ 0.000632 0.001383 0.002366 0.009832 0.004265 0.021938 0.003847 0.002970 0.004668 0.003418 0.005671 0.009759 0.001249 0.001197 0.002160 0.005024
b̂0(1) 0.000787 0.000553 0.001617 0.000653 0.001626 0.001326 0.001981 0.001377 0.000649 0.000691 0.001597 0.000227 0.000394 0.001782 0.001352 0.001108
b̂0(2) 0.001020 0.000615 0.001806 0.000826 0.001702 0.001261 0.002226 0.001515 0.000855 0.000973 0.001747 0.000190 0.000528 0.001986 0.001510 0.001251
b̂0(3) 0.001381 0.000856 0.002083 0.001037 0.002023 0.001064 0.002530 0.001756 0.001094 0.001226 0.002119 0.000207 0.000710 0.002340 0.001798 0.001482
b̂0(4) 0.001862 0.001087 0.002385 0.001413 0.002381 0.000979 0.002894 0.002047 0.001332 0.001307 0.002540 0.000298 0.001011 0.002701 0.002099 0.001756
b̂0(5) 0.002338 0.001503 0.002813 0.001797 0.002808 0.000971 0.003349 0.002452 0.001734 0.001730 0.003044 0.000609 0.001367 0.003158 0.002409 0.002139
b̂0(6) 0.003006 0.001912 0.003285 0.002392 0.003336 0.001124 0.003904 0.002897 0.002336 0.002104 0.003631 0.000949 0.001923 0.003691 0.002769 0.002617
b̂0(7) 0.004390 0.002597 0.004268 0.003602 0.004347 0.001569 0.005050 0.003826 0.003451 0.002875 0.004805 0.001486 0.002536 0.004776 0.003516 0.003540
b̂0(8) 0.006486 0.003389 0.005764 0.005981 0.006164 0.003120 0.007204 0.005590 0.005412 0.004034 0.006946 0.002118 0.003669 0.006614 0.004940 0.005162

(a) One-factor CIR
18/06/2015 BACORP MUFJ BACR C ACAFP CSGAG DB HSBC JPM RY SOCGEN SUMIBK-Bank NORBK RBOS-RBOSplc UBS Average
b̂ 0.000072 0.000340 0.000456 0.000031 0.000058 0.000647 0.000035 0.000020 0.000104 0.000354 0.000170 0.000137 0.000011 0.000960 0.000982 0.000292
b̂ 0.000138 0.000879 0.001984 0.000260 0.000143 0.002775 0.003519 0.000254 0.000511 0.000042 0.002040 0.000007 0.000462 0.000154 0.000060 0.000882
b̂ 0.000049 0.000191 0.000222 0.000019 0.000550 0.000185 0.000025 0.002272 0.000304 0.000636 0.001030 0.000605 0.000002 0.001107 0.000091 0.000486
b̂0(1) 0.000711 0.000109 0.000827 0.000796 0.001435 0.000719 0.001084 0.000430 0.000449 0.000335 0.000678 0.000146 0.000292 0.000868 0.000897 0.000652
b̂0(2) 0.000958 0.000217 0.001093 0.001113 0.001597 0.001014 0.001415 0.000709 0.000742 0.000702 0.000966 0.000275 0.000452 0.001161 0.001122 0.000902
b̂0(3) 0.001344 0.000532 0.001497 0.001582 0.002064 0.001450 0.001881 0.001160 0.001127 0.001098 0.001579 0.000581 0.000671 0.001658 0.001507 0.001315
b̂0(4) 0.001845 0.000820 0.001894 0.002179 0.002553 0.001918 0.002385 0.001618 0.001491 0.001278 0.002207 0.000914 0.001004 0.002117 0.001878 0.001740
b̂0(5) 0.002341 0.001284 0.002405 0.002756 0.003080 0.002367 0.002950 0.002150 0.002000 0.001790 0.002863 0.001434 0.001393 0.002629 0.002248 0.002246
b̂0(6) 0.003016 0.001739 0.002941 0.003498 0.003682 0.002910 0.003585 0.002669 0.002688 0.002245 0.003583 0.001953 0.001970 0.003217 0.002659 0.002824
b̂0(7) 0.004425 0.002473 0.004018 0.004939 0.004747 0.003930 0.004885 0.003705 0.003908 0.003116 0.004949 0.002756 0.002627 0.004357 0.003483 0.003888
b̂0(8) 0.006523 0.003322 0.005570 0.007394 0.006667 0.005812 0.007116 0.005521 0.005969 0.004340 0.007153 0.003603 0.003792 0.006210 0.004943 0.005596

(b) Three-factor CIR

Table 2.27 : Model calibration to CDS data for USD LIBOR panel banks on 18/06/2015
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20/04/2016 BACORP MUFJ BACR C ACAFP CSGAG DB HSBC JPM COOERAB RY SOCGEN SUMIBK-Bank NORBK RBOS-RBOSplc UBS Average
b̂ 0.005646 0.002912 0.003516 0.005954 0.001836 0.007863 0.009286 0.012254 0.008029 0.002844 0.005610 0.002471 0.006575 0.002463 0.009522 0.000088 0.005429
b̂0(1) 0.000607 0.000487 0.002085 0.000497 0.000694 0.002739 0.003105 0.000859 0.000189 0.000679 0.001214 0.000609 0.000212 0.000407 0.001773 0.000999 0.001072
b̂0(2) 0.000986 0.000643 0.002454 0.000954 0.000857 0.003020 0.003870 0.001079 0.000454 0.000838 0.001719 0.000815 0.000329 0.000585 0.002172 0.001196 0.001373
b̂0(3) 0.001523 0.001115 0.002928 0.001523 0.001316 0.003462 0.004573 0.001599 0.000891 0.001197 0.002226 0.001346 0.000786 0.001008 0.002647 0.001500 0.001853
b̂0(4) 0.001979 0.001591 0.003364 0.001996 0.001782 0.003917 0.005220 0.002140 0.001209 0.001547 0.002652 0.001841 0.001341 0.001440 0.003112 0.001838 0.002311
b̂0(5) 0.002533 0.002313 0.003937 0.002568 0.002342 0.004532 0.005810 0.002704 0.001606 0.001953 0.003505 0.002395 0.002112 0.002045 0.003790 0.002237 0.002899
b̂0(6) 0.003337 0.003034 0.004572 0.003331 0.002969 0.005189 0.006548 0.003332 0.002350 0.002372 0.004137 0.003030 0.002946 0.002578 0.004510 0.002647 0.003555
b̂0(7) 0.004846 0.003848 0.006019 0.004818 0.004060 0.006783 0.008232 0.004652 0.003533 0.003263 0.005219 0.004191 0.003829 0.003353 0.006216 0.003531 0.004775
b̂0(8) 0.007323 0.005157 0.008666 0.007312 0.005540 0.010450 0.012698 0.006956 0.005670 0.004644 0.007353 0.005860 0.005335 0.004532 0.008502 0.004878 0.006930

(a) One-factor CIR
20/04/2016 BACORP MUFJ BACR C ACAFP CSGAG DB HSBC JPM COOERAB RY SOCGEN SUMIBK-Bank NORBK RBOS-RBOSplc UBS Average
b̂ 0.018694 0.010769 0.000456 0.008029 0.020865 0.009303 0.000127 0.002575 0.016308 0.000061 0.022209 0.004085 0.018521 0.010927 0.009969 0.002075 0.009686
b̂ 0.001032 0.000604 0.001984 0.000016 0.000888 0.005905 0.000586 0.000793 0.000010 0.000042 0.000421 0.000070 0.000053 0.000031 0.000075 0.000541 0.000816
b̂ 0.001439 0.002528 0.000222 0.004091 0.002656 0.003981 0.011610 0.006316 0.009260 0.000231 0.004941 0.000325 0.003744 0.000313 0.002050 0.000669 0.003399
b̂0(1) 0.000409 0.000294 0.000827 0.000827 0.000113 0.001095 0.003514 0.001560 0.000450 0.000932 0.001088 0.000741 0.000409 0.000431 0.002439 0.000757 0.000993
b̂0(2) 0.000706 0.000375 0.001093 0.001155 0.000174 0.001431 0.004043 0.001631 0.000451 0.001077 0.001418 0.000920 0.000367 0.000555 0.002728 0.000953 0.001192
b̂0(3) 0.001084 0.000705 0.001497 0.001509 0.000444 0.001899 0.004363 0.001897 0.000452 0.001407 0.001607 0.001398 0.000544 0.000887 0.003015 0.001247 0.001497
b̂0(4) 0.001393 0.001063 0.001894 0.001810 0.000747 0.002331 0.004726 0.002229 0.000418 0.001737 0.001781 0.001852 0.000869 0.001227 0.003324 0.001569 0.001811
b̂0(5) 0.001816 0.001686 0.002405 0.002244 0.001157 0.002889 0.005102 0.002631 0.000546 0.002124 0.002414 0.002367 0.001451 0.001762 0.003869 0.001957 0.002276
b̂0(6) 0.002514 0.002318 0.002941 0.002901 0.001663 0.003507 0.005688 0.003139 0.001072 0.002533 0.002879 0.002972 0.002132 0.002230 0.004486 0.002356 0.002833
b̂0(7) 0.003859 0.003013 0.004018 0.004244 0.002576 0.005030 0.007190 0.004288 0.001940 0.003401 0.003713 0.004082 0.002789 0.002910 0.006058 0.003219 0.003896
b̂0(8) 0.006260 0.004235 0.005570 0.006677 0.003918 0.008669 0.011694 0.006518 0.003935 0.004772 0.005735 0.005720 0.004187 0.003977 0.008310 0.004559 0.005921

(b) Three-factor CIR

Table 2.28 : Model calibration to CDS data for USD LIBOR panel banks on 20/04/2016

22/03/2017 BACORP MUFJ BACR C ACAFP CSGAG DB HSBC JPM COOERAB RY SOCGEN SUMIBK-Bank NORBK RBOS-RBOSplc UBS Average

b̂ 0.003284 0.000319 0.000413 0.000399 0.005510 0.001082 0.002056 0.003603 0.001291 0.000879 0.000139 0.005769 0.002786 0.000710 0.002071 0.000237 0.001909
b̂0(1) 0.000119 0.000818 0.000907 0.001100 0.000956 0.001823 0.002333 0.000665 0.000623 0.001731 0.000876 0.001538 0.000011 0.000332 0.002196 0.002194 0.001139
b̂0(2) 0.000909 0.001020 0.001203 0.001542 0.001350 0.002289 0.002820 0.000991 0.001180 0.002146 0.001147 0.002141 0.000269 0.000585 0.002672 0.002533 0.001550
b̂0(3) 0.001416 0.001385 0.002060 0.002181 0.002542 0.003177 0.004640 0.002177 0.001638 0.003114 0.001252 0.003687 0.000709 0.001077 0.003755 0.003299 0.002382
b̂0(4) 0.002051 0.001738 0.002937 0.002912 0.003969 0.004095 0.006886 0.003286 0.002044 0.004103 0.001729 0.005078 0.001148 0.001606 0.005025 0.004402 0.003313
b̂0(5) 0.002658 0.002431 0.003823 0.003759 0.005243 0.004989 0.009616 0.004561 0.002625 0.005061 0.002553 0.006780 0.001938 0.002221 0.006556 0.005333 0.004384
b̂0(6) 0.003613 0.003174 0.004753 0.004754 0.006924 0.006007 0.012472 0.006085 0.003356 0.006232 0.003150 0.008848 0.002763 0.002849 0.008234 0.006480 0.005606
b̂0(7) 0.005293 0.004018 0.006421 0.006638 0.010300 0.008228 0.018484 0.008960 0.004930 0.008381 0.004608 0.013041 0.003711 0.003594 0.011300 0.008536 0.007903
b̂0(8) 0.009082 0.005282 0.009438 0.011063 0.020707 0.013234 0.052128 0.016996 0.008380 0.013332 0.006738 0.029153 0.005275 0.004901 0.021031 0.013779 0.015032

(c) One-factor CIR

22/03/2017 BACORP MUFJ BACR C ACAFP CSGAG DB HSBC JPM COOERAB RY SOCGEN SUMIBK-Bank NORBK RBOS-RBOSplc UBS Average

b̂1 0.000080 0.001565 0.000151 0.000851 0.002635 0.003525 0.006442 0.002449 0.001497 0.000150 0.000066 0.001210 0.002762 0.000268 0.004113 0.000302 0.001754
b̂2 0.001270 0.000169 0.001799 0.000705 0.000992 0.000509 0.001308 0.004017 0.000238 0.000918 0.000543 0.002878 0.000081 0.000083 0.000163 0.000093 0.000985
b̂3 0.000436 0.004939 0.002960 0.004991 0.010522 0.004465 0.010407 0.000646 0.009320 0.013901 0.008460 0.022052 0.001210 0.000366 0.013104 0.000718 0.006781
b̂0(1) 0.000630 0.000502 0.000155 0.000671 0.001701 0.001367 0.001288 0.000938 0.000487 0.001213 0.000439 0.001416 0.000495 0.000486 0.001897 0.002173 0.000991
b̂0(2) 0.001397 0.000616 0.000449 0.001066 0.001908 0.001658 0.001455 0.002075 0.000941 0.001572 0.000683 0.001865 0.000609 0.000725 0.002129 0.002493 0.001353
b̂0(3) 0.001870 0.000859 0.001299 0.001622 0.002823 0.002294 0.002837 0.003147 0.001241 0.002450 0.000737 0.003175 0.000843 0.001184 0.002868 0.003236 0.002030
b̂0(4) 0.002482 0.001139 0.002183 0.002317 0.004064 0.003082 0.004811 0.004394 0.001534 0.003370 0.001176 0.004402 0.001145 0.001697 0.003921 0.004323 0.002877
b̂0(5) 0.003067 0.001773 0.003066 0.003127 0.005198 0.003874 0.007393 0.005901 0.002048 0.004286 0.001981 0.005989 0.001843 0.002300 0.005314 0.005243 0.003900
b̂0(6) 0.004003 0.002484 0.004008 0.004098 0.006807 0.004836 0.010150 0.008750 0.002719 0.005419 0.002558 0.007977 0.002604 0.002920 0.006900 0.006385 0.005164
b̂0(7) 0.005648 0.003279 0.005662 0.005962 0.010091 0.006979 0.016099 0.016738 0.004242 0.007534 0.003981 0.012092 0.003479 0.003646 0.009882 0.008431 0.007734
b̂0(8) 0.009415 0.004513 0.008663 0.010357 0.020513 0.011980 0.049478 0.049478 0.007654 0.012448 0.006096 0.028250 0.004983 0.004924 0.019626 0.013639 0.016376

(d) Three-factor CIR

Table 2.29 : Model calibration to CDS data for USD LIBOR panel banks on 22/03/2017

31/10/2017 BACORP MUFJ BACR C ACAFP CSGAG DB HSBC JPM LBGP COOERAB RY SOCGEN SUMIBK-Bank NORBK RBOS-RBOSplc UBS Average

b̂ 0.000631 0.000295 0.000039 0.000073 0.000125 0.000302 0.000683 0.000289 0.000103 0.000297 0.000572 0.000278 0.000773 0.000036 0.000001 0.000457 0.000295 0.000309
b̂0(1) 0.000304 0.000456 0.001016 0.000863 0.000636 0.000460 0.000714 0.000740 0.000715 0.002141 0.000172 0.000435 0.000471 0.000369 0.000548 0.000553 0.000456 0.000650
b̂0(2) 0.000821 0.000684 0.001215 0.001287 0.000840 0.000592 0.000994 0.000739 0.001171 0.001760 0.000323 0.000502 0.000617 0.000464 0.000775 0.000554 0.000684 0.000825
b̂0(3) 0.001234 0.001105 0.001732 0.001765 0.001504 0.001091 0.002294 0.001330 0.001545 0.002601 0.000773 0.000585 0.001424 0.000731 0.001229 0.001021 0.001105 0.001357
b̂0(4) 0.001638 0.001530 0.002300 0.002386 0.002175 0.001565 0.003729 0.002254 0.001877 0.003641 0.001260 0.000712 0.002146 0.001001 0.001724 0.001537 0.001530 0.001942
b̂0(5) 0.002218 0.002144 0.003011 0.002971 0.002996 0.002154 0.005130 0.002974 0.002448 0.004720 0.001842 0.001319 0.002907 0.001444 0.002342 0.002237 0.002144 0.002647
b̂0(6) 0.002963 0.002780 0.003669 0.003727 0.003882 0.002870 0.006803 0.004034 0.003066 0.005951 0.002455 0.001715 0.003858 0.001905 0.002977 0.002836 0.002780 0.003428
b̂0(7) 0.004450 0.003686 0.004732 0.005541 0.005740 0.004243 0.010620 0.005603 0.004489 0.008577 0.003917 0.002721 0.005928 0.002463 0.003754 0.003472 0.003686 0.004919
b̂0(8) 0.007192 0.004863 0.006588 0.008560 0.009001 0.006240 0.022416 0.008744 0.007001 0.014104 0.005738 0.003993 0.010414 0.003021 0.005071 0.004691 0.004863 0.007794

(a) One-factor CIR

31/10/2017 BACORP MUFJ BACR C ACAFP CSGAG DB HSBC JPM LBGP COOERAB RY SOCGEN SUMIBK-Bank NORBK RBOS-RBOSplc UBS Average

b̂1 0.001297 0.000020 0.000000 0.000779 0.000455 0.000341 0.000734 0.000857 0.000505 0.002993 0.000295 0.000043 0.000031 0.000434 0.000294 0.000092 0.000384 0.000562
b̂2 0.000041 0.000204 0.000805 0.000254 0.000328 0.000004 0.000010 0.000039 0.000240 0.000777 0.000026 0.000006 0.000418 0.000343 0.000268 0.000287 0.000301 0.000256
b̂3 0.002418 0.000868 0.000029 0.000725 0.000733 0.000869 0.003653 0.000547 0.001749 0.002645 0.000231 0.000713 0.001506 0.000063 0.000087 0.000771 0.000867 0.001087
b̂0(1) 0.000033 0.000485 0.000726 0.000467 0.000358 0.000466 0.000520 0.000597 0.000305 0.000730 0.000478 0.000543 0.000699 0.000111 0.000334 0.000666 0.000264 0.000458
b̂0(2) 0.000436 0.000677 0.000942 0.000864 0.000536 0.000557 0.000624 0.000568 0.000685 0.000247 0.000620 0.000574 0.000786 0.000212 0.000566 0.000639 0.000165 0.000570
b̂0(3) 0.000656 0.001039 0.001506 0.001297 0.001148 0.000988 0.001631 0.001119 0.000930 0.000905 0.001051 0.000605 0.001493 0.000488 0.001024 0.001051 0.000466 0.001023
b̂0(4) 0.000898 0.001413 0.002100 0.001872 0.001787 0.001405 0.002831 0.002011 0.001154 0.001798 0.001524 0.000676 0.002133 0.000767 0.001522 0.001525 0.000812 0.001543
b̂0(5) 0.001349 0.001989 0.002826 0.002416 0.002582 0.001951 0.004053 0.002688 0.001636 0.002755 0.002106 0.001249 0.002828 0.001215 0.002143 0.002193 0.001321 0.002194
b̂0(6) 0.001994 0.002589 0.003494 0.003158 0.003428 0.002618 0.005592 0.003724 0.002166 0.003902 0.002701 0.001615 0.003726 0.001680 0.002775 0.002765 0.001844 0.002928
b̂0(7) 0.003351 0.003453 0.004566 0.004913 0.005254 0.003955 0.009297 0.005274 0.003526 0.006436 0.004147 0.002583 0.005731 0.002254 0.003567 0.003366 0.002853 0.004384
b̂0(8) 0.006052 0.004604 0.006435 0.008014 0.008569 0.005924 0.021439 0.008400 0.005996 0.012080 0.005968 0.003808 0.010239 0.002810 0.004879 0.004566 0.004152 0.007290

(b) Three-factor CIR

Table 2.30 : Model calibration to CDS data for USD LIBOR panel banks on 31/10/2017
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LIBOR Panel Maturity 0.5 1 2 3 4 5 7 10
BACORP Market 0.04948% 0.06922% 0.13891% 0.22322% 0.27845% 0.32756% 0.37376% 0.41302%

1-factor 0.04945% 0.06920% 0.13898% 0.22321% 0.27829% 0.32760% 0.37385% 0.41284%
3-factor 0.04948% 0.06922% 0.13888% 0.22327% 0.27840% 0.32730% 0.37385% 0.41312%

MUFJ-BTMUFJ Market 0.06353% 0.07170% 0.10938% 0.14172% 0.18472% 0.22588% 0.27046% 0.30236%
1-factor 0.06353% 0.07170% 0.10938% 0.14172% 0.18472% 0.22588% 0.27046% 0.30236%
3-factor 0.06365% 0.07156% 0.10944% 0.14181% 0.18485% 0.22450% 0.27106% 0.30287%

BACR-Bank Market 0.04903% 0.05996% 0.12029% 0.18846% 0.25487% 0.32914% 0.38240% 0.41731%
1-factor 0.04903% 0.05996% 0.12029% 0.18846% 0.25487% 0.32914% 0.38240% 0.41731%
3-factor 0.04891% 0.05991% 0.12028% 0.18887% 0.25496% 0.32860% 0.38249% 0.41923%

C Market 0.05000% 0.07509% 0.13787% 0.21259% 0.27657% 0.32116% 0.36793% 0.41046%
1-factor 0.05000% 0.07509% 0.13787% 0.21259% 0.27657% 0.32116% 0.36793% 0.41046%
3-factor 0.05013% 0.07542% 0.13760% 0.21265% 0.27718% 0.32107% 0.36872% 0.41217%

ACAFP Market 0.03341% 0.05218% 0.13774% 0.22943% 0.31452% 0.39119% 0.44453% 0.48030%
1-factor 0.03341% 0.05218% 0.13774% 0.22943% 0.31452% 0.39119% 0.44453% 0.48030%
3-factor 0.03339% 0.05219% 0.13739% 0.22914% 0.31422% 0.39080% 0.44504% 0.48011%

CSGAG Market 0.02276% 0.02462% 0.05648% 0.11484% 0.17199% 0.22845% 0.27654% 0.31271%
1-factor 0.02276% 0.02462% 0.05648% 0.11484% 0.17199% 0.22845% 0.27654% 0.31271%
3-factor 0.02276% 0.02461% 0.05647% 0.11484% 0.17195% 0.22844% 0.27656% 0.31272%

DB Market 0.02084% 0.02521% 0.06536% 0.12177% 0.18313% 0.24353% 0.29449% 0.32557%
1-factor 0.02084% 0.02521% 0.06536% 0.12177% 0.18313% 0.24353% 0.29449% 0.32557%
3-factor 0.02084% 0.02521% 0.06487% 0.12163% 0.18316% 0.24370% 0.29418% 0.32584%

HSBC Market 0.05374% 0.06313% 0.09683% 0.12872% 0.16578% 0.20440% 0.23195% 0.25383%
1-factor 0.05374% 0.06313% 0.09683% 0.12872% 0.16578% 0.20440% 0.23195% 0.25383%
3-factor 0.05366% 0.06291% 0.09676% 0.12889% 0.16564% 0.20424% 0.23311% 0.25359%

JPM Market 0.04090% 0.04977% 0.09009% 0.14186% 0.18265% 0.22204% 0.25815% 0.29288%
1-factor 0.04090% 0.04977% 0.09009% 0.14186% 0.18265% 0.22204% 0.25815% 0.29288%
3-factor 0.04092% 0.04950% 0.08994% 0.14124% 0.18152% 0.22219% 0.25875% 0.29332%

SOCGEN Market 0.05892% 0.08162% 0.17974% 0.27959% 0.35927% 0.44248% 0.49035% 0.52445%
1-factor 0.05892% 0.08162% 0.17974% 0.27959% 0.35927% 0.44248% 0.49035% 0.52445%
3-factor 0.05876% 0.08163% 0.17928% 0.27965% 0.35956% 0.44160% 0.49045% 0.52414%

SUMIBK-Bank Market 0.07395% 0.09135% 0.12479% 0.16631% 0.20062% 0.23445% 0.28110% 0.31914%
1-factor 0.07395% 0.09135% 0.12479% 0.16631% 0.20062% 0.23445% 0.28110% 0.31914%
3-factor 0.07400% 0.09127% 0.12486% 0.16639% 0.20065% 0.23440% 0.28129% 0.31900%

NORBK Market 0.04795% 0.06673% 0.09658% 0.12932% 0.16512% 0.19870% 0.23620% 0.26255%
1-factor 0.04795% 0.06673% 0.09658% 0.12932% 0.16512% 0.19870% 0.23620% 0.26255%
3-factor 0.04796% 0.06708% 0.09608% 0.12917% 0.16521% 0.19866% 0.23557% 0.26241%

RBOS-RBOSplc Market 0.02482% 0.04344% 0.12412% 0.22640% 0.31477% 0.39681% 0.45233% 0.49291%
1-factor 0.02482% 0.04344% 0.12412% 0.22640% 0.31492% 0.39673% 0.45211% 0.49292%
3-factor 0.02486% 0.04350% 0.12385% 0.22701% 0.31479% 0.39628% 0.45189% 0.49229%

UBS Market 0.02381% 0.02630% 0.06334% 0.11498% 0.17802% 0.23502% 0.28481% 0.31691%
1-factor 0.02380% 0.02635% 0.06331% 0.11494% 0.17801% 0.23498% 0.28452% 0.31711%
3-factor 0.02371% 0.02638% 0.06321% 0.11479% 0.17905% 0.23549% 0.28596% 0.31753%

Table 2.31 : Model calibration to USD LIBOR panel banks on 01/01/2013
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LIBOR Panel Maturity 0.5 1 2 3 4 5 7 10
BACORP Market 0.000739 0.000895 0.001260 0.001607 0.002029 0.002402 0.002998 0.003592

1-factor 0.000739 0.000895 0.001259 0.001607 0.002028 0.002402 0.002997 0.003592
3-factor 0.000739 0.000895 0.001266 0.001603 0.002026 0.002402 0.002992 0.003588

MUFJ-BTMUFJ Market 0.000360 0.000464 0.000680 0.000945 0.001286 0.001630 0.002037 0.002269

1-factor 0.000360 0.000464 0.000681 0.000944 0.001286 0.001631 0.002036 0.002270
3-factor 0.000361 0.000465 0.000681 0.000943 0.001290 0.001631 0.002027 0.002270

BACR-Bank Market 0.000443 0.000576 0.000897 0.001264 0.001663 0.002062 0.002642 0.002999

1-factor 0.000443 0.000576 0.000897 0.001265 0.001663 0.002062 0.002642 0.002999
3-factor 0.000443 0.000575 0.000898 0.001265 0.001667 0.002061 0.002634 0.003002

C Market 0.000666 0.000905 0.001279 0.001646 0.002090 0.002436 0.003051 0.003526

1-factor 0.000666 0.000905 0.001279 0.001646 0.002089 0.002437 0.003050 0.003526
3-factor 0.000666 0.000905 0.001278 0.001649 0.002091 0.002432 0.003051 0.003527

ACAFP Market 0.000317 0.000402 0.000639 0.000874 0.001138 0.001410 0.001896 0.002195

1-factor 0.000317 0.000402 0.000638 0.000874 0.001139 0.001410 0.001896 0.002194
3-factor 0.000317 0.000400 0.000639 0.000873 0.001127 0.001413 0.001902 0.002192

CSGAG Market 0.000302 0.000399 0.000608 0.000831 0.001046 0.001258 0.001631 0.002010

1-factor 0.000302 0.000399 0.000608 0.000831 0.001045 0.001259 0.001632 0.002011
3-factor 0.000301 0.000397 0.000611 0.000832 0.001045 0.001255 0.001632 0.002012

DB Market 0.000374 0.000579 0.000944 0.001287 0.001714 0.002082 0.002667 0.003048

1-factor 0.000374 0.000578 0.000944 0.001288 0.001714 0.002083 0.002668 0.003048
3-factor 0.000374 0.000577 0.000942 0.001287 0.001715 0.002082 0.002670 0.003047

HSBC Market 0.000498 0.000599 0.000892 0.001190 0.001534 0.001847 0.002381 0.002747

1-factor 0.000498 0.000599 0.000893 0.001190 0.001533 0.001849 0.002381 0.002746
3-factor 0.000499 0.000599 0.000893 0.001197 0.001528 0.001847 0.002384 0.002757

JPM Market 0.000480 0.000806 0.001095 0.001336 0.001655 0.001988 0.002537 0.003060

1-factor 0.000480 0.000806 0.001095 0.001336 0.001656 0.001988 0.002538 0.003059
3-factor 0.000480 0.000807 0.001095 0.001337 0.001657 0.001995 0.002542 0.003058

SOCGEN Market 0.000287 0.000458 0.000894 0.001327 0.001798 0.002215 0.002864 0.003296

1-factor 0.000288 0.000458 0.000892 0.001327 0.001800 0.002214 0.002864 0.003297
3-factor 0.000288 0.000457 0.000891 0.001322 0.001795 0.002215 0.002870 0.003301

SUMIBK-Bank Market 0.000381 0.000472 0.000694 0.000943 0.001279 0.001624 0.001992 0.002272

1-factor 0.000382 0.000472 0.000694 0.000943 0.001279 0.001624 0.001992 0.002271
3-factor 0.000383 0.000468 0.000696 0.000945 0.001279 0.001623 0.001997 0.002271

NORBK Market 0.000348 0.000442 0.000635 0.000855 0.001160 0.001453 0.001787 0.002028

1-factor 0.000387 0.000488 0.000729 0.000971 0.001304 0.001576 0.001889 0.002149
3-factor 0.000349 0.000442 0.000638 0.000854 0.001160 0.001450 0.001791 0.002030

RBOS-RBOSplc Market 0.000819 0.001055 0.001550 0.002062 0.002557 0.003061 0.003851 0.004245

1-factor 0.000819 0.001056 0.001550 0.002062 0.002557 0.003058 0.003851 0.004244
3-factor 0.000819 0.001056 0.001548 0.002065 0.002559 0.003061 0.003847 0.004246

UBS Market 0.000248 0.000329 0.000590 0.000847 0.001148 0.001425 0.001959 0.002341

1-factor 0.000248 0.000329 0.000590 0.000847 0.001148 0.001425 0.001959 0.002341
3-factor 0.000248 0.000329 0.000591 0.000840 0.001140 0.001425 0.001970 0.002336

Table 2.32 : Model calibration to USD LIBOR panel banks on 08/09/2014
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LIBOR Panel Maturity 0.5 1 2 3 4 5 7 10

BACORP Market 0.04813% 0.06260% 0.08497% 0.11369% 0.14062% 0.17582% 0.23483% 0.27894%

1-factor 0.04814% 0.06257% 0.08499% 0.11366% 0.14060% 0.17582% 0.23474% 0.27887%
3-factor 0.04823% 0.06287% 0.08451% 0.11443% 0.14098% 0.17649% 0.23487% 0.27936%

MUFJ-BTMUFJ Market 0.03513% 0.04003% 0.05647% 0.07192% 0.09724% 0.12071% 0.15429% 0.17695%

1-factor 0.03513% 0.04003% 0.05646% 0.07193% 0.09724% 0.12070% 0.15429% 0.17695%
3-factor 0.03507% 0.04006% 0.05633% 0.07184% 0.09746% 0.12045% 0.15454% 0.17679%

BACR-Bank Market 0.10031% 0.11363% 0.13322% 0.15291% 0.17759% 0.20189% 0.24070% 0.26574%

1-factor 0.10026% 0.11365% 0.13322% 0.15294% 0.17761% 0.20185% 0.24076% 0.26586%
3-factor 0.10028% 0.11363% 0.13322% 0.15280% 0.17759% 0.20169% 0.24179% 0.26568%

C Market 0.05332% 0.07192% 0.09909% 0.13358% 0.16440% 0.20218% 0.25854% 0.30506%

1-factor 0.05331% 0.07196% 0.09908% 0.13356% 0.16446% 0.20212% 0.25846% 0.30504%
3-factor 0.05328% 0.07186% 0.09916% 0.13363% 0.16437% 0.20237% 0.25850% 0.30516%

ACAFP Market 0.10370% 0.11174% 0.13671% 0.16195% 0.18846% 0.21685% 0.25641% 0.28629%

1-factor 0.10371% 0.11174% 0.13670% 0.16195% 0.18847% 0.21685% 0.25642% 0.28624%
3-factor 0.10373% 0.11179% 0.13666% 0.16178% 0.18855% 0.21689% 0.25657% 0.28638%

CSGAG Market 0.11119% 0.12543% 0.14612% 0.16801% 0.18889% 0.21226% 0.24583% 0.27880%

1-factor 0.11120% 0.12545% 0.14612% 0.16796% 0.18889% 0.21226% 0.24586% 0.27877%
3-factor 0.11124% 0.12547% 0.14611% 0.16797% 0.18892% 0.21218% 0.24597% 0.27880%

DB Market 0.12448% 0.14204% 0.16512% 0.18943% 0.21609% 0.24378% 0.28444% 0.31339%

1-factor 0.12448% 0.14208% 0.16510% 0.18945% 0.21609% 0.24379% 0.28444% 0.31338%
3-factor 0.12443% 0.14182% 0.16506% 0.18932% 0.21594% 0.24392% 0.28462% 0.31361%

HSBC Market 0.08689% 0.09758% 0.11594% 0.13616% 0.16099% 0.18521% 0.22451% 0.26311%

1-factor 0.08688% 0.09758% 0.11594% 0.13618% 0.16100% 0.18518% 0.22441% 0.26311%
3-factor 0.08688% 0.09751% 0.11638% 0.13624% 0.16107% 0.18524% 0.22416% 0.26374%

JPM Market 0.04570% 0.06190% 0.08312% 0.10283% 0.13030% 0.16602% 0.21851% 0.26588%

1-factor 0.04570% 0.06190% 0.08312% 0.10283% 0.13029% 0.16603% 0.21852% 0.26588%
3-factor 0.04573% 0.06202% 0.08344% 0.10310% 0.13020% 0.16599% 0.21850% 0.26598%

Ry Market 0.04640% 0.06612% 0.08624% 0.09515% 0.12247% 0.14505% 0.18275% 0.21404%
1-factor 0.04641% 0.06606% 0.08620% 0.09515% 0.12242% 0.14505% 0.18275% 0.21406%
3-factor 0.04634% 0.06599% 0.08656% 0.09521% 0.12270% 0.14518% 0.18237% 0.21442%

SOCGEN Market 0.10419% 0.11758% 0.14766% 0.17816% 0.20979% 0.24109% 0.28484% 0.31386%

1-factor 0.10420% 0.11763% 0.14759% 0.17813% 0.20983% 0.24110% 0.28476% 0.31378%
3-factor 0.10419% 0.11756% 0.14766% 0.17820% 0.20968% 0.24114% 0.28464% 0.31383%

SUMIBK-Bank Market 0.02772% 0.03362% 0.04944% 0.06761% 0.09643% 0.12386% 0.16048% 0.18282%

1-factor 0.02773% 0.03363% 0.04945% 0.06759% 0.09643% 0.12387% 0.16050% 0.18277%
3-factor 0.02773% 0.03362% 0.04943% 0.06759% 0.09653% 0.12393% 0.16049% 0.18278%

NORBK Market 0.02549% 0.03455% 0.04727% 0.06671% 0.08839% 0.12041% 0.15002% 0.18693%

1-factor 0.02550% 0.03455% 0.04725% 0.06670% 0.08822% 0.12042% 0.15018% 0.18690%
3-factor 0.02556% 0.03452% 0.04710% 0.06679% 0.08820% 0.12041% 0.15025% 0.18717%

RBOS-RBOSplc Market 0.10865% 0.12172% 0.14396% 0.16540% 0.19014% 0.21605% 0.25592% 0.28547%

1-factor 0.10864% 0.12171% 0.14397% 0.16534% 0.19015% 0.21607% 0.25593% 0.28551%
3-factor 0.10873% 0.12158% 0.14402% 0.16525% 0.19015% 0.21601% 0.25571% 0.28557%

UBS Market 0.08423% 0.09542% 0.11551% 0.13517% 0.15375% 0.17305% 0.20454% 0.23801%

1-factor 0.08429% 0.09543% 0.11552% 0.13519% 0.15376% 0.17316% 0.20446% 0.23784%
3-factor 0.08432% 0.09548% 0.11519% 0.13567% 0.15359% 0.17299% 0.20448% 0.23780%

Table 2.33 : Model calibration to USD LIBOR panel banks on 18/06/2015
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LIBOR Panel Maturity 0.5 1 2 3 4 5 7 10

BACORP Market 0.06923% 0.09045% 0.11964% 0.14343% 0.17157% 0.21044% 0.26665% 0.30669%

1-factor 0.06922% 0.09047% 0.11973% 0.14347% 0.17164% 0.21039% 0.26676% 0.30681%
3-factor 0.06928% 0.09030% 0.11980% 0.14317% 0.17159% 0.21089% 0.26678% 0.30672%

MUFJ-BTMUFJ Market 0.04612% 0.05479% 0.08152% 0.10809% 0.14762% 0.18391% 0.21351% 0.23720%

1-factor 0.04613% 0.05479% 0.08153% 0.10809% 0.14762% 0.18388% 0.21350% 0.23720%
3-factor 0.04613% 0.05479% 0.08136% 0.10812% 0.14766% 0.18394% 0.21363% 0.23741%

BACR-Bank Market 0.14546% 0.16644% 0.19214% 0.21354% 0.24068% 0.26680% 0.31066% 0.33777%

1-factor 0.14552% 0.16637% 0.19215% 0.21353% 0.24066% 0.26673% 0.31066% 0.33777%
3-factor 0.14551% 0.16623% 0.19208% 0.21348% 0.24092% 0.26681% 0.31075% 0.33791%

C Market 0.06438% 0.09030% 0.12128% 0.14588% 0.17473% 0.21120% 0.26621% 0.30696%

1-factor 0.06444% 0.09036% 0.12129% 0.14592% 0.17464% 0.21114% 0.26639% 0.30695%
3-factor 0.06438% 0.09023% 0.12118% 0.14597% 0.17485% 0.21130% 0.26644% 0.30672%

ACAFP Market 0.05232% 0.06163% 0.08805% 0.11431% 0.14472% 0.17637% 0.22025% 0.24761%

1-factor 0.05232% 0.06163% 0.08806% 0.11431% 0.14471% 0.17639% 0.22025% 0.24754%
3-factor 0.05234% 0.06175% 0.08791% 0.11412% 0.14429% 0.17647% 0.22031% 0.24795%

CSGAG Market 0.20990% 0.22439% 0.24518% 0.26489% 0.29034% 0.31339% 0.35276% 0.38414%

1-factor 0.20990% 0.22433% 0.24521% 0.26492% 0.29037% 0.31341% 0.35278% 0.38414%
3-factor 0.21043% 0.22343% 0.24633% 0.26485% 0.29072% 0.31435% 0.35247% 0.38384%

DB Market 0.24014% 0.28283% 0.31705% 0.34429% 0.36361% 0.38440% 0.41072% 0.42937%

1-factor 0.24022% 0.28297% 0.31675% 0.34430% 0.36353% 0.38447% 0.41066% 0.42953%
3-factor 0.24011% 0.28295% 0.31703% 0.34462% 0.36344% 0.38429% 0.41068% 0.42953%

HSBC Market 0.12261% 0.13272% 0.15764% 0.18317% 0.20849% 0.23459% 0.27675% 0.30796%

1-factor 0.12256% 0.13270% 0.15755% 0.18311% 0.20855% 0.23470% 0.27691% 0.30798%
3-factor 0.12273% 0.13260% 0.15773% 0.18311% 0.20854% 0.23438% 0.27714% 0.30798%

JPM Market 0.05800% 0.07182% 0.09415% 0.10954% 0.12903% 0.16619% 0.21402% 0.26331%

1-factor 0.05800% 0.07181% 0.09415% 0.10956% 0.12903% 0.16618% 0.21401% 0.26334%
3-factor 0.05792% 0.07184% 0.09409% 0.10977% 0.12921% 0.16588% 0.21419% 0.26323%

Ry Market 0.05722% 0.06608% 0.08607% 0.10522% 0.12680% 0.14766% 0.18556% 0.21962%
1-factor 0.04641% 0.06606% 0.08620% 0.09515% 0.12242% 0.14505% 0.18275% 0.21406%
3-factor 0.04634% 0.06599% 0.08656% 0.09521% 0.12270% 0.14518% 0.18237% 0.21442%

COOERAB Market 0.10539% 0.13421% 0.16112% 0.18228% 0.22540% 0.25207% 0.28264% 0.30758%
1-factor 0.10530% 0.13421% 0.16112% 0.18226% 0.22536% 0.25224% 0.28263% 0.30748%
3-factor 0.10533% 0.13432% 0.16107% 0.18253% 0.22448% 0.25197% 0.28260% 0.30778%

SOCGEN Market 0.05087% 0.06263% 0.09305% 0.12067% 0.15037% 0.18207% 0.22809% 0.25887%

1-factor 0.05086% 0.06263% 0.09309% 0.12064% 0.15034% 0.18203% 0.22815% 0.25886%
3-factor 0.05089% 0.06264% 0.09320% 0.12057% 0.15039% 0.18198% 0.22829% 0.25893%

SUMIBK-Bank Market 0.05089% 0.05631% 0.08055% 0.11043% 0.15166% 0.19291% 0.22353% 0.25009%

1-factor 0.05086% 0.05633% 0.08056% 0.11046% 0.15165% 0.19294% 0.22352% 0.25009%
3-factor 0.05066% 0.05641% 0.08039% 0.11046% 0.15147% 0.19241% 0.22434% 0.25052%

NORBK Market 0.03872% 0.04881% 0.07293% 0.09713% 0.13045% 0.15755% 0.18881% 0.21476%

1-factor 0.03872% 0.04884% 0.07293% 0.09715% 0.13039% 0.15757% 0.18891% 0.21492%
3-factor 0.03866% 0.04856% 0.07263% 0.09704% 0.13057% 0.15732% 0.19038% 0.21470%

RBOS-RBOSplc Market 0.16161% 0.18295% 0.20569% 0.22655% 0.25696% 0.28531% 0.33445% 0.34308%

1-factor 0.16160% 0.18295% 0.20570% 0.22655% 0.25696% 0.28534% 0.33445% 0.34307%
3-factor 0.16157% 0.18303% 0.20578% 0.22654% 0.25690% 0.28526% 0.33447% 0.34300%

UBS Market 0.06047% 0.07226% 0.09013% 0.10946% 0.13127% 0.15226% 0.18996% 0.22196%

1-factor 0.06043% 0.07222% 0.09005% 0.10947% 0.13139% 0.15227% 0.19013% 0.22204%
3-factor 0.06038% 0.07226% 0.09004% 0.10952% 0.13134% 0.15223% 0.18984% 0.22190%

Table 2.34 : Model calibration to USD LIBOR panel banks on 20/04/2016
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LIBOR Panel Maturity 0.5 1 2 3 4 5 7 10

BACORP Market 0.07252% 0.11828% 0.14502% 0.17841% 0.20794% 0.25230% 0.30848% 0.36520%

1-factor 0.07252% 0.11827% 0.14505% 0.17840% 0.20790% 0.25232% 0.30847% 0.36533%
3-factor 0.07253% 0.11807% 0.14483% 0.17842% 0.20798% 0.25241% 0.30817% 0.36527%

MUFJ-BTMUFJ Market 0.05547% 0.06740% 0.08868% 0.10900% 0.14743% 0.18566% 0.21703% 0.23960%

1-factor 0.05548% 0.06744% 0.08876% 0.10883% 0.14740% 0.18556% 0.21729% 0.23964%
3-factor 0.05551% 0.06738% 0.08871% 0.10911% 0.14725% 0.18562% 0.21704% 0.23945%

BACR-Bank Market 0.06269% 0.08022% 0.13055% 0.18031% 0.22667% 0.26994% 0.32310% 0.35594%

1-factor 0.06268% 0.08021% 0.13062% 0.18028% 0.22676% 0.26979% 0.32327% 0.35606%
3-factor 0.06272% 0.08031% 0.13047% 0.18052% 0.22670% 0.27021% 0.32296% 0.35596%

C Market 0.07404% 0.10033% 0.13763% 0.17862% 0.22290% 0.26959% 0.33201% 0.39175%

1-factor 0.07400% 0.10030% 0.13752% 0.17860% 0.22300% 0.26962% 0.33191% 0.39149%
3-factor 0.07401% 0.10059% 0.13723% 0.17897% 0.22305% 0.26950% 0.33196% 0.39148%

ACAFP Market 0.16709% 0.18774% 0.25196% 0.32503% 0.38096% 0.44389% 0.51201% 0.55655%

1-factor 0.16710% 0.18777% 0.25195% 0.32512% 0.38097% 0.44387% 0.51199% 0.55660%
3-factor 0.16701% 0.18770% 0.25189% 0.32510% 0.38049% 0.44415% 0.51191% 0.55640%

CSGAG Market 0.13103% 0.15823% 0.20877% 0.25801% 0.30053% 0.34177% 0.40034% 0.43667%

1-factor 0.13100% 0.15824% 0.20882% 0.25801% 0.30052% 0.34180% 0.40033% 0.43666%
3-factor 0.13138% 0.15844% 0.20812% 0.25822% 0.30030% 0.34178% 0.39971% 0.43678%

DB Market 0.18094% 0.20880% 0.31204% 0.42938% 0.54998% 0.64002% 0.70736% 0.74787%

1-factor 0.18100% 0.20880% 0.31205% 0.42947% 0.54995% 0.63988% 0.70739% 0.74784%
3-factor 0.18100% 0.20884% 0.31215% 0.42926% 0.55027% 0.63976% 0.70702% 0.74744%

HSBC Market 0.11167% 0.12932% 0.19583% 0.25457% 0.31632% 0.37958% 0.45059% 0.50503%

1-factor 0.11167% 0.12932% 0.19583% 0.25457% 0.31631% 0.37959% 0.45060% 0.50503%
3-factor 0.11172% 0.12928% 0.19581% 0.25455% 0.31622% 0.37972% 0.45070% 0.50510%

JPM Market 0.06314% 0.09585% 0.12173% 0.14363% 0.17416% 0.20975% 0.27020% 0.33598%

1-factor 0.06315% 0.09586% 0.12168% 0.14363% 0.17414% 0.20979% 0.27019% 0.33599%
3-factor 0.06315% 0.09615% 0.12195% 0.14350% 0.17442% 0.20962% 0.27055% 0.33605%

COOERAB Market 0.12140% 0.14572% 0.20139% 0.25495% 0.30128% 0.34992% 0.40392% 0.43743%
1-factor 0.12143% 0.14571% 0.20140% 0.25498% 0.30123% 0.34997% 0.40393% 0.43743%
3-factor 0.12144% 0.14576% 0.20138% 0.25478% 0.30130% 0.34982% 0.40400% 0.43739%

RY Market 0.05537% 0.07156% 0.07753% 0.10519% 0.15142% 0.18154% 0.24223% 0.28360%
1-factor 0.05537% 0.07155% 0.07750% 0.10519% 0.15142% 0.18158% 0.24222% 0.28358%
3-factor 0.05535% 0.07169% 0.07747% 0.10495% 0.15157% 0.18165% 0.24171% 0.28342%

SOCGEN Market 0.20716% 0.24002% 0.32344% 0.39096% 0.46318% 0.53272% 0.59547% 0.63315%

1-factor 0.20715% 0.24002% 0.32345% 0.39098% 0.46318% 0.53275% 0.59548% 0.63315%
3-factor 0.20715% 0.23995% 0.32341% 0.39109% 0.46337% 0.53286% 0.59522% 0.63325%

SUMIBK-Bank Market 0.05614% 0.07030% 0.09399% 0.11720% 0.15934% 0.20025% 0.23365% 0.25986%

1-factor 0.05614% 0.07026% 0.09397% 0.11721% 0.15956% 0.20033% 0.23345% 0.26000%
3-factor 0.05614% 0.07034% 0.09400% 0.11713% 0.15942% 0.20026% 0.23364% 0.25986%

NORBK Market 0.03408% 0.04891% 0.07764% 0.10794% 0.14182% 0.17389% 0.20219% 0.23017%

1-factor 0.03407% 0.04891% 0.07764% 0.10790% 0.14181% 0.17390% 0.20220% 0.23017%
3-factor 0.03413% 0.04919% 0.07751% 0.10796% 0.14196% 0.17415% 0.20221% 0.22967%

RBOS-RBOSplc Market 0.17319% 0.20029% 0.26063% 0.32684% 0.39763% 0.45950% 0.51386% 0.54946%

1-factor 0.17311% 0.20027% 0.26069% 0.32696% 0.39764% 0.45955% 0.51391% 0.54947%
3-factor 0.17326% 0.20028% 0.26056% 0.32689% 0.39785% 0.45968% 0.51400% 0.54950%

UBS Market 0.13648% 0.15646% 0.20061% 0.26107% 0.30586% 0.35330% 0.40325% 0.44214%

1-factor 0.13649% 0.15645% 0.20060% 0.26112% 0.30588% 0.35330% 0.40325% 0.44211%
3-factor 0.13653% 0.15645% 0.20062% 0.26108% 0.30584% 0.35334% 0.40330% 0.44226%

Table 2.35 : Model calibration to USD LIBOR panel banks on 22/03/2017
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LIBOR Panel Maturity 0.5 1 2 3 4 5 7 10

BACORP Market 0.04765% 0.07869% 0.10314% 0.12627% 0.15811% 0.19605% 0.25590% 0.31003%

1-factor 0.04765% 0.07868% 0.10315% 0.12630% 0.15813% 0.19609% 0.25582% 0.31001%
3-factor 0.04769% 0.07869% 0.10324% 0.12620% 0.15799% 0.19595% 0.25577% 0.31000%

MUFJ-BTMUFJ Market 0.04112% 0.05484% 0.07999% 0.10463% 0.13901% 0.17205% 0.20889% 0.23103%

1-factor 0.04114% 0.05484% 0.07991% 0.10465% 0.13904% 0.17205% 0.20874% 0.23104%
3-factor 0.05551% 0.06738% 0.08871% 0.10911% 0.14725% 0.18562% 0.21704% 0.23945%

BACR-Bank Market 0.06283% 0.07470% 0.10530% 0.13799% 0.17674% 0.20894% 0.24773% 0.27961%

1-factor 0.06282% 0.07474% 0.10533% 0.13798% 0.17674% 0.20897% 0.24770% 0.27971%
3-factor 0.06272% 0.08031% 0.13047% 0.18052% 0.22670% 0.27021% 0.32296% 0.35596%

C Market 0.05522% 0.08068% 0.10889% 0.14458% 0.17606% 0.21353% 0.28439% 0.33442%

1-factor 0.05524% 0.08068% 0.10891% 0.14457% 0.17602% 0.21352% 0.28443% 0.33436%
3-factor 0.05521% 0.08071% 0.10912% 0.14441% 0.17536% 0.21343% 0.28317% 0.33564%

ACAFP Market 0.04400% 0.05628% 0.09576% 0.13468% 0.17967% 0.22376% 0.29454% 0.34602%

1-factor 0.04400% 0.05626% 0.09580% 0.13461% 0.17970% 0.22379% 0.29464% 0.34621%
3-factor 0.04401% 0.05625% 0.09537% 0.13449% 0.17980% 0.22304% 0.29384% 0.34697%

CSGAG Market 0.04169% 0.04965% 0.07940% 0.10701% 0.13990% 0.17717% 0.23487% 0.27539%

1-factor 0.04170% 0.04964% 0.07940% 0.10700% 0.13991% 0.17723% 0.23486% 0.27539%
3-factor 0.04172% 0.04962% 0.07949% 0.10710% 0.14020% 0.17683% 0.23508% 0.27529%

DB Market 0.07469% 0.09145% 0.16837% 0.24921% 0.31997% 0.39129% 0.49154% 0.56485%

1-factor 0.07469% 0.09145% 0.16842% 0.24920% 0.31997% 0.39133% 0.49157% 0.56499%
3-factor 0.07476% 0.09132% 0.16828% 0.24916% 0.32015% 0.39153% 0.49200% 0.56504%

HSBC Market 0.05794% 0.05791% 0.09311% 0.14675% 0.18578% 0.23833% 0.29412% 0.34312%

1-factor 0.05794% 0.05790% 0.09306% 0.14672% 0.18567% 0.23851% 0.29431% 0.34314%
3-factor 0.05813% 0.05785% 0.09321% 0.14707% 0.18517% 0.23790% 0.29413% 0.34258%

JPM Market 0.04781% 0.07509% 0.09724% 0.11621% 0.14779% 0.17934% 0.23899% 0.29312%

1-factor 0.04779% 0.07510% 0.09725% 0.11620% 0.14780% 0.17938% 0.23899% 0.29313%
3-factor 0.04779% 0.07514% 0.09736% 0.11631% 0.14783% 0.17842% 0.23941% 0.29317%

LBGP Market 0.14239% 0.11944% 0.16880% 0.22706% 0.28200% 0.33578% 0.41119% 0.45180%
1-factor 0.14241% 0.11946% 0.16879% 0.22705% 0.28193% 0.33577% 0.41122% 0.45187%
3-factor 0.14236% 0.11955% 0.16888% 0.22714% 0.28172% 0.33582% 0.41142% 0.45265%

COOERAB Market 0.03703% 0.04606% 0.07299% 0.10144% 0.13410% 0.16635% 0.22954% 0.26655%
1-factor 0.03699% 0.04606% 0.07299% 0.10146% 0.13418% 0.16619% 0.22962% 0.26655%
3-factor 0.03699% 0.04614% 0.07290% 0.10136% 0.13469% 0.16620% 0.22941% 0.26645%

RY Market 0.03909% 0.04316% 0.04805% 0.05553% 0.09077% 0.11238% 0.16119% 0.19930%
1-factor 0.03909% 0.04313% 0.04804% 0.05552% 0.09077% 0.11245% 0.16118% 0.19940%
3-factor 0.03924% 0.04309% 0.04830% 0.05523% 0.09077% 0.11242% 0.16143% 0.19889%

SOCGEN Market 0.06425% 0.07306% 0.12102% 0.16241% 0.20321% 0.24923% 0.32346% 0.38950%

1-factor 0.06427% 0.07309% 0.12100% 0.16236% 0.20305% 0.24905% 0.32357% 0.38948%
3-factor 0.06425% 0.07305% 0.12109% 0.16242% 0.20312% 0.24911% 0.32354% 0.38949%

SUMIBK-Bank Market 0.02385% 0.02955% 0.04556% 0.06148% 0.08704% 0.11248% 0.13883% 0.15339%

1-factor 0.02387% 0.02954% 0.04554% 0.06145% 0.08708% 0.11246% 0.13850% 0.15339%
3-factor 0.02384% 0.02956% 0.04548% 0.06150% 0.08701% 0.11241% 0.13898% 0.15344%

NORBK Market 0.03292% 0.04668% 0.07367% 0.10251% 0.13718% 0.16995% 0.20108% 0.23021%

1-factor 0.03294% 0.04661% 0.07368% 0.10256% 0.13720% 0.17025% 0.20103% 0.23022%
3-factor 0.03289% 0.04664% 0.07364% 0.10256% 0.13724% 0.16999% 0.20138% 0.23017%

RBOS-RBOSplc Market 0.05447% 0.05456% 0.08235% 0.11239% 0.15152% 0.18195% 0.20423% 0.22949%

1-factor 0.05446% 0.05455% 0.08243% 0.11246% 0.15152% 0.18193% 0.20462% 0.22950%
3-factor 0.05465% 0.05474% 0.08219% 0.11210% 0.15123% 0.18164% 0.20444% 0.22944%

UBS Market 0.03736% 0.03339% 0.05482% 0.07795% 0.10928% 0.13908% 0.18696% 0.22032%

1-factor 0.04114% 0.05484% 0.07991% 0.10465% 0.13904% 0.17205% 0.20874% 0.23104%
3-factor 0.03736% 0.03339% 0.05482% 0.07795% 0.10927% 0.13910% 0.18693% 0.22031%

Table 2.36 : Model calibration to USD LIBOR panel banks on 31/10/2017
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Date y(0) a b c q σ κ θ

1-Jan-13 0.799385 0.001451 0.001095 0.000000

0.6

0.578554 0.650951 0.474633
8-Sep-14 0.071785 0.006648 0.000531 0.009654 0.186944 0.831751 0.324834

18-Jun-15 0.391549 0.004167 0.005024 0.001574 0.159804 0.260723 0.239575
20-Apr-16 0.811640 0.000285 0.005429 0.002109 0.293441 0.993100 0.148539
22-Mar-17 0.340134 0.009399 0.001909 0.019609 0.005657 0.215698 0.174663
31-Oct-17 0.773084 0.003339 0.000309 0.001689 0.264573 0.260876 0.798057

Table 2.37 : One–factor model parameters calibrated to Basis Swaps and CDS

Table 2.37 shows the parameters when the model is first calibrated to one–factor OIS

model, then calibrated to one–factor CDS model and then finally to 1-factor Basis model.

Figure 2.10 shows the quality of the fit.
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Figure 2.10 : One–factor model fit to Basis Swaps on 1 January 2013, 18 June 2015 and
20 April 2016 (based on data from Bloomberg)
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Figure 2.11 : Time-dependent calibrated parameter c0
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Figure 2.12 : Time-dependent calibrated parameter c0 on a 3–month tenor

2.5 Nonlinear interest rates derivatives

Let us first consider a caplet on the LIBOR with maturity Tj , whose payoff is given

by

Kδ (L(Tj−1, Tj)−R)+ ,

where K denotes the notional and R is the strike price of the caplet.
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The price at time t ≤ Tj−1 is given by

Caplett =EQ
t

[
e−

∫ Tj
t rc(s)dsKδ (L(Tj−1, Tj)−R)+

]
=DOIS(t, Tj)EQTj

t

[
Kδ (L(Tj−1, Tj)−R)+]

=DOIS(t, Tj)KδEQTj
t

1

δ

 EQ
Tj−1

[
e
∫ Tj
Tj−1

φ(s)ds
]

EQ
Tj−1

[
e
−

∫ Tj
Tj−1

(rc(s)+λ(s)q)ds
] − (1 + δR)


+


=DOIS(t, Tj)KEQTj
t

[(
eZ(Tj−1) −K

)+
]
, (2.5.1)

where

K =1 + δR (2.5.2)

eZ(Tj−1) =

EQ
Tj−1

[
e
∫ Tj
Tj−1

φ(s)ds
]

EQ
Tj−1

[
e
−

∫ Tj
Tj−1

(rc(s)+λ(s)q)ds
] . (2.5.3)

(2.5.4)

Using (2.8.1) and (2.8.2), we can now write

eZ(Tj−1) =
e
∫ Tj
Tj−1

c0(s)ds+Φ(0,1)(Tj−Tj−1,c)+〈Ψ(0,1)(Tj−Tj−1,c),X(Tj−1)〉

e
−

∫ Tj
Tj−1

(a0(s)+b0(s)q)ds+Φ(0,1)(Tj−Tj−1,−(a+bq))+〈Ψ(0,1)(Tj−Tj−1,−(a+bq)),X(Tj−1)〉

=e
∫ Tj
Tj−1

(c0(s)+a0(s)+b0(s)q)ds+Φ(0,1)(Tj−Tj−1,c)−Φ(0,1)(Tj−Tj−1,−(a+bq))

.e〈Ψ(0,1)(Tj−Tj−1,c)−Ψ(0,1)(Tj−Tj−1,−(a+bq)),X(Tj−1)〉

=ef(Tj−1)+〈g(Tj−1),X(Tj−1)〉, (2.5.5)

where
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f(Tj−1) =− ln(1 + δR) +

∫ Tj

Tj−1

(c0(s) + a0(s) + b0(s)q)ds

+ Φ(0,1)(Tj − Tj−1, c)− Φ(0,1)(Tj − Tj−1,−(a+ bq)), (2.5.6)

g(Tj−1) =Ψ(0,1)(Tj − Tj−1, c)−Ψ(0,1)(Tj − Tj−1,−(a+ bq)). (2.5.7)

2.5.1 The pricing of Caps

In order to compute Equation (2.5.1), we apply Fourier based techniques by Eber-

lein, Glau and Papapanteleon (2010). For this purpose, we derive the expression for the

moment generating function of Z under the QTj−forward probability measure.

Proposition 1. The moment generating function under the QTj− forward probability

measure of the random variable Z defined in (2.5.3) is given by

M
Tj
Z (u) = EQTj

t

[
euZ(Tj−1)

]
=

1

DOIS(t, Tj)
euf(Tj−1)−

∫ Tj
t a0(s)ds+Φ(0,1)(Tj−Tj−1,−a)

.e
Φ(ug(Tj−1)+Ψ(0,1)(Tj−Tj−1,−a),1)(Tj−1−t,−a)+〈Ψ(ug(Tj−1)+Ψ(0,1)(Tj−Tj−1,−a),1)(Tj−1−t,−a),X(t)〉

.

The transform is well defined for u ∈ C such that Φ(ug(Tj−1)+Ψ(0,1)(Tj−Tj−1,−a),1)(Tj−1 −

t,−a) and Φ(ug(Tj−1)+Ψ(0,1)(Tj−Tj−1,−a),1)(Tj−1 − t,−a) are bounded.
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Proof. From (2.8.3) it follows that

M
Tj
Z (u) = EQTj

t

[
euZ(Tj−1)

]
= euf(Tj−1)EQTj

t

[
eu〈g(Tj−1),X(Tj−1)〉]

=
euf(Tj−1)

DOIS(t, Tj)
EQ
t

[
e−

∫ Tj
t rc(s)ds+u〈g(Tj−1),X(Tj−1)〉

]
=

euf(Tj−1)

DOIS(t, Tj)
EQ
t

[
e−

∫ Tj−1
t rc(s)ds+u〈g(Tj−1),X(Tj−1)〉EQ

Tj−1

[
e
−

∫ Tj
Tj−1

rc(s)ds
]]

=
euf(Tj−1)

DOIS(t, Tj)
EQ
t

[
e−

∫ Tj−1
t rc(s)ds+u〈g(Tj−1),X(Tj−1)〉EQ

Tj−1

[
e
−

∫ Tj
Tj−1

a0(s)ds−
∫ Tj
Tj−1

〈a,X(s)〉ds
]]

=
euf(Tj−1)−

∫ Tj
t a0(s)ds+Φ(0,1)(Tj−Tj−1,−a)

DOIS(t, Tj)

.EQ
t

[
e−

∫ Tj−1
t 〈a,X(s)〉ds+〈ug(Tj−1)+Ψ(0,1)(Tj−Tj−1,−a),X(Tj−1)〉

]
.

Now we apply once again Lemma 1 and we get the result.

With the explicit expression of the moment generating function of the process Z we

can apply the Eberlein et al. (2010) methodology in order to get the price of a caplet on

LIBOR as follows:

Caplett =DOIS(t, Tj)KEQTj
t

[(
eZ(Tj−1) −K

)+
]

(2.5.8)

=
DOIS(t, Tj)K

2π

∫
R
K1−R+iu M

Tj
Z (R− iu)

(R− iu)(R− 1− iu)
du,

whereR is the dampening parameter and set toR = 1.5521.

For more complex product like swaptions, analytical formulas are not available. How-

ever, one can easily apply efficient approximations in the spirit of Caldana et al. (2016).

In Table 2.38 - 2.39 we compare prices from the cap formula above by Monte Carlo

21See also Carr & Madan (1999).
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Figure 2.13 : Cap formulae Fourier prices against Monte Carlo, 1000000 paths with 2000
time steps)

T Monte Carlo LB Monte Carlo Price Monte Carlo UB Fourier price
0.25 0.000000 0.000000 0.000000 0.000004
0.5 0.000112 0.000115 0.000119 0.000125

0.75 0.000447 0.000455 0.000463 0.000452
1 0.000757 0.000769 0.000780 0.000766

1.25 0.001137 0.001151 0.001166 0.001165
1.5 0.001496 0.001513 0.001531 0.001530

1.75 0.002236 0.002259 0.002281 0.002266
2 0.002724 0.002749 0.002774 0.002750

2.25 0.002985 0.003013 0.003041 0.003043
2.5 0.003250 0.003279 0.003309 0.003300

Table 2.38 : Cap Fourier prices against Monte Carlo in one–factor model

simulation. We run 1000000 paths with 2000 time steps. We want to investigate whether

Fourier prices fall within 95% Monte Carlo confidence interval. As evident in the Figure

2.13a and 2.13b using Fourier based method of Eberlein et al. (2010) our prices are within

95% confident Monte Carlo bounds, except for maturities under one year, where they lie

slightly outside.
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T Monte Carlo LB Monte Carlo Price Monte Carlo UB Fourier price
0.25 0.000000 0.000000 0.000000 -0.000005
0.5 0.000471 0.000478 0.000484 0.000474

0.75 0.001538 0.001550 0.001563 0.001566
1 0.002433 0.002450 0.002466 0.002474

1.25 0.003500 0.003520 0.003540 0.003556
1.5 0.004448 0.004472 0.004495 0.004503

1.75 0.006099 0.006126 0.006152 0.006154
2 0.007139 0.007169 0.007198 0.007205

2.25 0.007816 0.007848 0.007880 0.007901
2.5 0.008462 0.008496 0.008530 0.008506

Table 2.39 : Cap Fourier prices against Monte Carlo in three–factor model

2.5.2 Calibration to interest rate caps

We now turn to the calibration problem using caps. Below we show that the model can

be calibrated to cap market data. We collected the market data for caplets from Bloomberg

on 04 February 2017. The caplet data collected are one–month tenor, three–months tenor

and six–months tenor with maturities ranging from 0.5 to 10 years. We also collected the

OIS discount factors. Caplets are usually quoted using implied vol. Bloomberg uses the

Black (1997) formula to get the corresponding caplet prices. We use the same calibration

procedures, i.e. the calibration is performed into two steps. Firstly, we calibrate the

overnight rate rc according to OIS bond data. Then, taking the first step result as given, we

calibrate the remaining parameters in the cap pricing formula. Table 2.40 shows the model

parameters calibrated to caplet data and the corresponding fits are depicted in Figure 2.14.
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Parameters 1-month 3-month 6-month
y0 0.043237 0.043237 0.043237
a0 0.010046 0.010046 0.010046
b0 -1.020262 -0.127519 0.013066
c0 0.531690 -0.030086 -0.102360
c 2.093926 0.521552 0.077240
b 0.287275 0.070264 0.458021
a 0.040046 0.040046 0.040046
σ 0.491103 0.491103 0.491103
κ 0.199229 0.199229 0.199229
θ 0.605289 0.605289 0.605289

Table 2.40 : Cap calibrated parameters to individual tenors
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Figure 2.14 : Cap calibration (based on data from Bloomberg)
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Parameters Tenors
y0 0.043237
a0 0.010046
b0 0.000000
c0 0.000000
c 0.000504
b 0.321614
a 0.040046
σ 0.491103
κ 0.199229
θ 0.605289

Table 2.41 : Joint Cap calibrated parameters to all tenors

Having investigated the calibration to individual tenor structure, it is natural to con-

sider the joint tenor calibration. Below we show that the joint calibration to all tenors

quoted in the markets. As before, we calibrate first to OIS discount curve, then keep

the OIS calibration parameters fixed we can then solve the calibration problem for the

remained parameters in the cap pricing formula. Table 2.41 shows the joint calibration

parameters and Figure 2.15 shows the quality of the fit to all tenors at once.



93

1 2 3 4 5 6 7 8 9 10
T

0.8

0.82

0.84

0.86

0.88

0.9

0.92

0.94

0.96

0.98
Model OIS DF
Market OIS DF

(a) OIS calibration

1 2 3 4 5 6 7 8 9

T

0

0.1

0.2

0.3

0.4

0.5

0.6

0.7

Model cap price
Market cap price

(b) 1–month tenor

1 2 3 4 5 6 7 8 9 10

T

0.1

0.2

0.3

0.4

0.5

0.6

Model cap price
Market cap price

(c) 3–month tenor

1 2 3 4 5 6 7 8 9 10

T

0.1

0.2

0.3

0.4

0.5

0.6

Model cap price
Market cap price

(d) 6–month tenor

Figure 2.15 : Joint Cap calibration (based on data from Bloomberg)

2.5.3 Implied risk-neutral densities

Our last analysis concerns the implied risk-neutral density via Fourier inversion for-

mula:

f(x) =
1

2π

∫
R
e−iuxϕ

Tj
Z (u)du. (2.5.9)

The goal is to investigate the shape of the implied density from the cap calibration pa-

rameters as well as to check how the density varies with respect to changing parameters.
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Figure 2.16 shows the graphical results. In this case we fix the calibrated parameters,

(base set) and keep altering individual parameters to check how the shape of the density

changes. However, a negative density is observed in the instances where parameters are

chosen too low or negative. By restricting all model parameters to remain positive, we

avoid this problem. What is rather interesting is that the funding liquidity parameters have

little impact on option prices.
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Figure 2.16 : Parameter sensitivity analysis - risk neutral density
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2.6 Conclusion

Since seeking to profit from the frequency basis (be it the LIBOR/OIS spread or basis

swaps involving different LIBOR tenors) entails lending at a longer tenor against rolling

over borrowing at a shorter tenor, modelling the risk of such a strategy, i.e. “roll–over

risk,” is a natural approach to obtain a consistent model of all possible tenors in a rel-

atively parsimonious fashion. Such a model — as we have shown — can be calibrated

to a large number of relevant market instruments simultaneously. Here, we have delib-

erately included two distinct calibration exercises: In the first, the model is calibrated

to OIS and all available USD interest rate swaps (vanilla IRS and basis swaps) — this

demonstrates that the model can represent the interest rate markets for different tenor

frequencies as effectively as the more common, ad-hoc models in the literature, which

typically model spreads between term structures for different tenors directly, without re-

course to any underlying theoretical justification for the existence of such spreads. In the

second calibration exercise, the component of roll–over risk associated with the risk of a

credit downgrade of the entity attempting to roll over their borrowing is explicitly sepa-

rated from the component interpreted as funding liquidity risk, by including credit default

swap data in the calibration. Again, it is demonstrated that the model can fit the market

represented by this expanded set of calibration instruments (OIS, IRS, basis swaps and

CDS).

Thus, in the sense of the bulk of the derivatives pricing literature, the present chapter

takes the practitioners’ approach of static calibration to (cross–sectional) market data on

a given day, for a model to be used for pricing less liquid derivatives in an arbitrage–

free manner relative to a set of calibration instruments. The consistent model guarantees

the absence of arbitrage, though as in other applications where markets are incomplete22

(credit derivatives are a prominent example), we remain agnostic as to the extent to which

22In the sense of Radner (1972).
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arbitrage–free prices are unique. Unlike approaches which do not model the risks driving

tenor spreads, the model presented here can be used to provide basis spreads for bespoke

tenors not quoted in the market. This could also be employed to “fill in the gaps” in mar-

kets where key term structures (such as OIS) are missing, potentially improving on less

structured, regression–based approaches hitherto available (such as Jakarasi, Labuschagne

& Mahomed (2015)).

The relationship between tenor basis spreads (in particular the LIBOR/OIS spread)

and roll–over risk, as expressed in the model presented in this paper and calibrated to

market data, also serves as a cautionary note in the present debate on the replacement of

LIBOR–type benchmarks with benchmarks based on overnight lending, such as the Se-

cured Overnight Financing Rate (SOFR). As Henrard (2018) notes in a critical overview

of the current discussions on this issue, most proposals suggest no more than adjusting

overnight benchmarks for the existing LIBOR/OIS spread by adding a fixed spread to e.g.

SOFR. This would imply taking the view that roll–over risk (as priced by the market)

is known and constant for all time, and even a cursory analysis (such as calibrating the

model presented here to market data on a few exemplary dates) shows that this is not the

case.

2.7 Appendix: Affine process specification

The Markov process X is affine if it is stochastically continuous and its Fourier-

Laplace transform has exponential-affine dependence on the initial state, that is there exist

some deterministic functions Φu : R+ → C and Ψu : R+ → Cd such that the semigroup

P acts as follows:

∫
E

e〈u,w〉Pt(x, dw) = EQ [e〈u,X(t)〉] (2.7.1)

= eΦu(t)+〈Ψu(t),x〉 (2.7.2)
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for all t ≥ 0, X(0) = x ∈ E23 and u ∈ DT , where DT ⊆ Cd is such that EQ
[
e〈u,X(t)〉] <

∞ for all u ∈ DT and t ≤ T . It can be shown (see e.g. Cuchiero et al. (2011)) that the

process X is a semimartingale with characteristics

At =

∫ t

0

α(X(s−))ds,

Bt =

∫ t

0

β(X(s−))ds,

ν(ω, dt, dξ) = K(X(t−, ω), dξ)dt,

with α(x), β(x), K(x, dξ) affine functions:

α(x) = α0 + x1α
1 + ...+ xdα

d,

β(x) = β0 + x1β
1 + ...+ xdβ

d,

K(x, dξ) = µ0(dξ) + x1µ
1(dξ) + ...+ xdµ

d(dξ),

where α(x) (the diffusion coefficient) is a positive semidefinite d× d matrix, β(x) is the

Rd-vector of the drift, and K(x, dξ) is a Radon measure on Rd associated with the affine

jump part and it is such that

∫
Rd

(
‖ξ‖2 ∧ 1

)
K(x, dξ) <∞

and K(x, {0}) = 0.

The deterministic functions Φu(t),Ψu(t) solve the generalized Riccati equations

23the canonical state space domain E = Rm+ × Rn
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∂

∂t
Φu(t) =

1

2
〈Ψu(t), α

0Ψu(t)〉+ 〈β0,Ψu(t)〉+

∫
Rd\{0}

(
e−〈ξ,Ψu(t)〉 − 1− 〈h(ξ),Ψu(t)〉

)
µ0(dξ),

Φu(0) = 0,

and for all i = 1, ..., d :

∂

∂t
Ψi
u(t) =

1

2
〈Ψu(t), α

iΨu(t)〉+ 〈βi,Ψu(t)〉+

∫
Rd\{0}

(
e−〈ξ,Ψu(t)〉 − 1− 〈h(ξ),Ψu(t)〉

)
µi(dξ),

Ψu(0) = u,

where h(ξ) = 1{‖ξ‖≤1}ξ is a truncation function.

It is also useful to consider the process (X, Y γ) := (X,
∫ ·

0
〈γ,X(u)〉du) which is an

affine process with state space E × R starting from (x, 0).

Lemma 1. Let P̃ γ be the semigroup of the process (X, Y γ). Then we have

∫
E×R

e〈u,w〉+vzP̃ γ
t ((x, y), (dw, dz)) = eΦ(u,v)(t,γ)+〈Ψ(u,v)(t,γ),x〉+vy (2.7.3)

for every (u, v) ∈ VT ⊆ Cd+1 such that the LHS of Eq. (2.7.3) is finite. Here the functions

Φ(u,v)(·, γ) and Ψ(u,v)(·, γ) satisfy the following system of generalized Riccati ODEs

∂

∂t
Φ(u,v)(t, γ) =

1

2
〈Ψ(u,v)(t, γ), α0Ψ(u,v)(t, γ)〉+ 〈β0,Ψ(u,v)(t, γ)〉

+

∫
Rd\{0}

(
e−〈ξ,Ψ(u,v)(t,γ)〉 − 1− 〈h(ξ),Ψ(u,v)(t, γ)〉

)
µ0(dξ), (2.7.4)

Φ(u,v)(0, γ) = 0,
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and for i = 1, ..., d

∂

∂t
Ψi

(u,v)(t, γ) = vγi +
1

2
〈Ψ(u,v)(t, γ), αiΨ(u,v)(t, γ)〉+ 〈βi,Ψ(u,v)(t, γ)〉

+

∫
Rd\{0}

(
e−〈ξ,Ψ(u,v)(t,γ)〉 − 1− 〈h(ξ),Ψ(u,v)(t, γ)〉

)
µi(dξ), (2.7.5)

Ψ(u,v)(0, γ) = u.

In our calibration example we consider the important case where X follows a d−

dimensional vector of independent Cox–Ingersoll–Ross (CIR) processes, for which the

Riccati ODE admit a closed form expression. These dynamics are of particular interest

because, as discussed for the one–factor case in Cox et al. (1985), a simple condition

ensures the positivity of the modelled object. In order to keep the model analytically

tractable, we do not allow for time–dependent coefficients at this stage24. What is more,

in the CIR case there exists a complete explicit characterization of the maximal domains

DT ,VT for the transforms. This turns out to be very useful in the calibration procedure

when we need some bounds for the parameters.

2.8 Appendix: Computation of the relevant expectations

Let us first consider the expectations involved in formula (2.2.7), i.e. EQ
t

[
e
∫ T
t φ(s)ds

]
,

EQ
t

[
e−

∫ T
t (rc(s)+λ(s)q)ds

]
and DOIS(t, T ) = EQ

t

[
e−

∫ T
t rc(s)ds

]
.

Assume that the deterministic functions a0(t), b0(t), c0(t) are integrable and a, b, c ∈

E are constant. Thanks to the time-homogeneity of the affine process X , it follows that

all these conditional expectations will depend on time through the difference (T − t).

24For example, following Schlögl & Schlögl (2000), the coefficients could be made piecewise constant
to facilitate calibration to at–the–money option price data, while retaining most analytical tractability.
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Using the notation of the Appendix 2.7, it is easy to show that

EQ
t

[
e
∫ T
t φ(s)ds

]
=e

∫ T
t c0(s)dsEQ

t

[
e
∫ T
t 〈c,X(s)〉ds

]
=e

∫ T
t c0(s)ds+Φ(0,1)(T−t,c)+〈Ψ(0,1)(T−t,c),X(t)〉, (2.8.1)

where the deterministic functions Φ(0,1),Ψ(0,1) satisfy the generalized Riccati ODE in

Lemma 1.

Analogously,

EQ
t

[
e−

∫ T
t (rc(s)+λ(s)q)ds

]
=e−

∫ T
t (a0(s)+b0(s)q)dsEQ

t

[
e−

∫ T
t 〈a+bq,X(s)〉ds

]
=e−

∫ T
t (a0(s)+b0(s)q)ds+Φ(0,1)(T−t,−(a+bq))+〈Ψ(0,1)(T−t,−(a+bq)),X(t)〉

(2.8.2)

and

DOIS(t, T ) =EQ
t

[
e−

∫ T
t rc(s)ds

]
=e−

∫ T
t a0(s)dsEQ

t

[
e−

∫ T
t 〈a,X(s)〉ds

]
=e−

∫ T
t a0(s)ds+Φ(0,1)(T−t,−a)+〈Ψ(0,1)(T−t,−a),X(t)〉. (2.8.3)

The proof follows immediately from the definition of rc, λ, φ and the Lemma 1.

Let us now turn out attention to formula (2.2.18), which involves the following expec-
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tation:

EQ
t

[
e−

∫ Tj−1
t (rc(s)+λ(s)q)dse

∫ Tj
Tj−1

φ(s)ds
]

= EQ
t

[
e−

∫ Tj−1
t (rc(s)+λ(s)q)dsEQ

Tj−1

[
e
∫ Tj
Tj−1

φ(s)ds
]]

= EQ
t

[
e−

∫ Tj−1
t (rc(s)+λ(s)q)dse

∫ Tj
Tj−1

c0(s)ds+Φ(0,1)(Tj−Tj−1,c)+〈Ψ(0,1)(Tj−Tj−1,c),X(Tj−1)〉
]

= e
−

∫ Tj−1
t (a0(s)+b0(s)q)ds+

∫ Tj
Tj−1

c0(s)ds+Φ(0,1)(Tj−Tj−1,c)

.EQ
t

[
e
∫ Tj−1
t 〈−(a+bq),X(s)〉ds+〈Ψ(0,1)(Tj−Tj−1,c),X(Tj−1)〉

]
= e

−
∫ Tj−1
t (a0(s)+b0(s)q)ds+

∫ Tj
Tj−1

c0(s)ds+Φ(0,1)(Tj−Tj−1,c)

.e
Φ(Ψ(0,1)(Tj−Tj−1,c),1)(Tj−1−t,−(a+bq))+〈Ψ(Ψ(0,1)(Tj−Tj−1,c),1)(Tj−1−t,−(a+bq)),X(t)〉 (2.8.4)

In conclusion, all the expectations in formulae (2.2.7) and (2.2.18) can be explicitly

computed.

2.9 Appendix: The LIBOR and the pricing of swaps

In this subsection we compute the expectations appearing in swap transaction formula

(2.2.23), which is crucial to the calibration procedure.

From (2.2.20) it follows immediately

δL(Tj−1, Tj) =− 1 + e
∫ Tj
Tj−1

(c0(s)+a0(s)+qb0(s))ds+Φ(0,1)(Tj−Tj−1,c)−Φ(0,1)(Tj−Tj−1,−(a+qb))

.e〈Ψ(0,1)(Tj−Tj−1,c)−Ψ(0,1)(Tj−Tj−1,−(a+qb)),X(Tj−1)〉.

Below we test the above LIBOR formula with Monte Carlo simulation of the equation

(2.2.20) which is given as a quotient of risk-neutral expectations. It is not straight forward

to compute the variance of the fraction even when the numerator and denominator do have

a well-defined variance. In this case, we have used a form below:
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Figure 2.17 : LIBOR expression against Monte Carlo, 10000000 simulations with 2000
time steps)

V ar

(
A

B

)
=
〈AA〉〈B〉〈B〉 − 2〈AB〉〈A〉〈B〉+ 〈BB〉〈A〉〈A〉

〈B〉4
(2.9.1)

The analytic expression for the LIBOR is always within the 95% Monte Carlo confi-

dence interval.

The expression of DOIS has already been computed in (2.8.3), so we focus now on

the first expectation in (2.2.23) involving the forward LIBOR.

We have

EQ
t

[
e−

∫ Tj
t rc(s)dsL(Tj−1, Tj)

]
= EQ

t

[
e−

∫ Tj−1
t rc(s)dsL(Tj−1, Tj)D

OIS(Tj−1, Tj)
]

= EQ
t

[
e
−

∫ Tj−1
t (a0(s)+〈a,X(s)〉)ds−

∫ Tj
Tj−1

a0(s)ds+Φ(0,1)(Tj−Tj−1,−a)+〈Ψ(0,1)(Tj−Tj−1,−a),X(Tj−1)〉
L(Tj−1, Tj)

]
= e−

∫ Tj
t a0(s)ds+Φ(0,1)(Tj−Tj−1,−a)EQ

t

[
e−

∫ Tj−1
t 〈a,X(s)〉ds+〈Ψ(0,1)(Tj−Tj−1,−a),X(Tj−1)〉L(Tj−1, Tj)

]
.

Into this equation we insert the expression of the forward LIBOR in terms of the sum of
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the constant and the two exponentials and we apply Lemma 1:

EQ
t

[
e−

∫ Tj
t rc(s)dsL(Tj−1, Tj)

]
= −1

δ
e−

∫ Tj
t a0(s)ds+Φ(0,1)(Tj−Tj−1,−a)EQ

t

[
e−

∫ Tj−1
t 〈a,X(s)〉ds+〈Ψ(0,1)(Tj−Tj−1,−a),X(Tj−1)〉

]
+

1

δ
e
−

∫ Tj
t a0(s)ds+

∫ Tj
Tj−1

(c0(s)+a0(s)+qb0(s))ds+Φ(0,1)(Tj−Tj−1,−a)+Φ(0,1)(Tj−Tj−1,c)−Φ(0,1)(Tj−Tj−1,−(a+qb))

.EQ
t

[
e−

∫ Tj−1
t 〈a,X(s)〉ds+〉Ψ(0,1)(Tj−Tj−1,−a)+Ψ(0,1)(Tj−Tj−1,c)−Ψ(0,1)(Tj−Tj−1,−(a+qb)),X(Tj−1)〉

]
= −1

δ
e
−

∫ Tj
t a0(s)ds+Φ(0,1)(Tj−Tj−1,−a)+Φ(Ψ(0,1)(Tj−Tj−1,−a),1)(Tj−1−t,−a)+〈Ψ(Ψ(0,1)(Tj−Tj−1,−a),1)(Tj−1−t,−a),X(t)〉

+
1

δ
e
−

∫ Tj
t a0(s)ds+

∫ Tj
Tj−1

(c0(s)+a0(s)+qb0(s))ds+Φ(0,1)(Tj−Tj−1,−a)+Φ(0,1)(Tj−Tj−1,c)−Φ(0,1)(Tj−Tj−1,−(a+qb))

.e
Φ(Ψ(0,1)(Tj−Tj−1,−a)+Ψ(0,1)(Tj−Tj−1,c)−Ψ(0,1)(Tj−Tj−1,−(a+qb)),1)(Tj−1−t,−a)

.e
〈Ψ(Ψ(0,1)(Tj−Tj−1,−a)+Ψ(0,1)(Tj−Tj−1,c)−Ψ(0,1)(Tj−Tj−1,−(a+qb)),1)(Tj−1−t,−a),X(t)〉

.

Therefore, also the expectations in (2.2.23) can be computed explicitly and the for-

mula can be obtained in closed form.

2.10 Appendix: Expressions for the Pricing of a CDS

First of all, let us consider the time t-value of a zero-recovery loan with notional 1 to

a j bank within the LIBOR panel given by Formula (2.4.6):

Bj(t, T ) = DOIS(t, T )EQT
[
e−

∫ T
t (λ̂j(s)−qΛ(s))ds | Ht

]
= DOIS(t, T )e−

∫ T
t (b̂j0(s)−qβ0(s))ds+Φ(0,1)(T−t,b̂j−qβ)+〈Ψ(0,1)(T−t,b̂j−qβ),X(t)〉,

(2.10.1)

where the functions Φ(0,1),Ψ(0,1) solve the Riccati system (2.7.4), (2.7.5).

Now let us find an expression for EQT
[
e−

∫ u
t λ̂j(s)dsλ̂j(u)

]
.
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This can be done as follows:

EQT
[
e−

∫ u
t λ̂j(s)dsλ̂j(u)

]
=− ∂

∂u
EQT

[
e−

∫ u
t λ̂j(s)ds

]
=− ∂

∂u
EQT

[
e−

∫ u
t b̂

j
0(s)ds−

∫ u
t 〈b̂

j ,X(s)〉ds
]

=− ∂

∂u

{
e−

∫ u
t b̂

j
0(s)ds+Φ(0,1)(u−t,b̂j)+〈Ψ(0,1)(u−t,b̂j),X(t)〉

}
=−

(
−b̂j0(u) + ∂uΦ(0,1)(u− t, b̂j) + 〈∂uΨ(0,1)(u− t, b̂j), X(t)〉

)
.e−

∫ u
t b̂

j
0(s)ds+Φ(0,1)(u−t,b̂j)+〈Ψ(0,1)(u−t,b̂j),X(t)〉,

where the derivatives of the functions Φ(0,1),Ψ(0,1) can be easily computed from the Ric-

cati system (2.7.4), (2.7.5).
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Chapter 3

A Consistent Polynomial Factor Model of the Term
Structure of Roll-Over Risk

The goal of this chapter is to extend the modelling approach introduced in Chapter 2 to

polynomial processes which has become prominent in the finance literature over recent

years.

3.1 Introduction

Recall from Chapter 2 that “roll-over risk” is defined as a risk associated with short-

term debt refinancing. It usually arises when existing debt is about to mature and needs

to be rolled over into new debt. The current paper is an extension of the modelling ap-

proach of the roll-over risk that was introduced by Chang & Schlögl (2015) and further

extended by Alfeus, Grasselli & Schlögl (2017) (as described in Chapter 2). In partic-

ular, Alfeus, Grasselli & Schlögl (2017) considered a full stochastic model where the

modelling variables are assumed to be driven by a Markov process X = (Xt)t≥0 which

belongs to the class of affine processes. Typically, the motivations for the consideration of

affine processes is mainly because of the availability of closed-form pricing formulae and

their flexibility to be calibrated fairly easily to a set of market data. The model based on

exponential affine processes was then developed and calibrated to financial instruments,

namely Overnight Index Swaps (OIS), Credit Default Swaps (CDS) and Interest Rate

Swaps with a combination of Basis Swaps spreads. Different tenors structure were con-

structed using liquidly market basis swaps data and the model was made to fit all three

tenors at once.
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In this chapter, we adopt a special class of polynomial processes for modelling roll-

over risk. The application of polynomial processes is not new to finance. Models driven

by polynomial processes have already been studied and empirically proven to preserve im-

portant features for financial modelling, see for instance Filipović (2001), Zhou (2003),

and Forman & Sorensen (2008). Notably, Filipović (2001) pioneered the study of poly-

nomial term structure models, going beyond exponential affine processes. In his paper,

Filipović (2001) proved that to have a sensible no-arbitrage (exponential) polynomial term

structure model, the degree of polynomial should be less than or equal to two. That is to

say that quadratic term structure models are the most general class of consistent polyno-

mial term structure models. Other classes of polynomial preserving processes were intro-

duced to finance by Cuchiero (2011), Cuchiero et al. (2012). In this class of polynomial

models, financial derivative option prices are computed through the closed-form condi-

tional moments with respect to some observed process. Filipović & Larsson (2016) used

the same techniques of computing moments of the driving process and construct a linear

rational term structure model to price zero-coupon bonds. Cheng & Tehranchi (2015)

coined a different approach. Instead of pricing options through closed-form expressions

for conditional moments, they expressed the price of zero-coupon bond as a polynomial of

a finite degree, where the polynomial coefficients are solutions to a coupled linear system

of ordinary differential equations.

3.2 Polynomial process specification

Fix the time horizon T ∈ (0,∞) for the market activity time. We work in a probability

space (Ω,F ,P) equipped with a filtration (Ft)t∈[0,T ] which satisfies the usual conditions.

Definition 1. A polynomial term structure model is defined by:

(a) the time-homogeneous Markov process X = (Xt)t≥0 defined in a cone domain

I ⊆ R, and Ft-adapted, whose dynamics under an equivalent martingale measure
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Q satisfies the following stochastic differential equation:

dXt = b(Xt)dt+ σ(Xt)dWt, Xt ∈ I, (3.2.1)

where b : I → R, σ2 : I → R∗1 and Wt is a standard Brownian motion with

incremental covariance dE[WW T ] = Idt. It is assumed that the drift µ(·) and

volatility σ(·) are locally Lipschitz in x and satisfy the following growth constraint:

||b(x)||+ ||σ(x)|| ≤ C(1 + ||x||), ∀C ∈ R ∩ x ∈ I. (3.2.2)

(b) the time-t price of a zero-coupon bond of maturity T :

P (t, T ) = H(T − t, x) = E
[
e−

∫ T
t R(Xs)ds | Xt = x

]
, (3.2.3)

where H : R+ × I → R is a solution of the partial differential equation:

∂τH = GH(τ, x)−R(x)H(τ, x), on R+ × I, (3.2.4)

where R : I → R is the short rate function and with the partial differential polyno-

mial generator on R given by:

GH(τ, x) =
1

2
σ2(x)∂2

xH(τ, x) + b(x)∂xH(τ, x). (3.2.5)

The function H can be cast in a polynomial form as follows:

H(T − t, x) =
n∑
k=0

gk(T − t, ·)xk = eGτI(x), n ∈ Z+ (3.2.6)

where the functions gk : R→ R are assumed to be n+1 differentiable, independent

1R∗ = R− {0}
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and are solutions to some coupled system of differential equations2. I is a set of

initial conditions.

For any model that utilizes stochastic differential equations it is crucial to determine

whether it has a solution, and whether its solution is unique according to some appropri-

ate criteria. There are well-known techniques in the literature for proving existence and

uniqueness of stochastic differential equations. One of such criterion is given in Equation

(3.2.2), i.e. assuming Lipschitz continuity of the drift and diffusion coefficient as well as

the linear growth condition.

Our approach departs from the long standing result of Filipović (2001) that polyno-

mial of degree two are the largest class of polynomial term structure models such as

discounted bond prices are local martingale under a risk-neutral measure3. We begin with

an investigation of the possibility for representing the price of zero-coupon bond with

factor process described by stochastic differential equation with polynomial and diffusion

coefficient functions, building on the less known findings by Cheng & Tehranchi (2015)

who derived bond pricing formula expressed in term of polynomials and of any degree.

We consider processes in one-dimension first to be able to see the arguments more clearly.

We consider a class of interest rate models with the property that the bond prices take

the form in Equation (3.2.3) and the scalar factor process

X = (Xt)t≥0

evolves according to the stochastic differential equation given in Equation (3.2.1). We

usually require that:

• (H(T − t,Xt))t∈[0,T ] is continuous semi-martingale for each T

2This will be specified later
3 As noted by Cheng & Tehranchi (2015), the exponential quadratic models can be seen as the degree n

(in Equation (3.2.6)) tend to infinite.
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• 0 ≤ H(T − t,Xt) ≤ 1 almost surely

• There is a frictionless market for T -bonds of every maturity T > 0

• For fixed T > 0 {H(T−t,Xt) : t ∈ [0, T ]} is an optional process withH(0, XT ) =

1.

The key underlying idea in this context is that the drift b(·) and diffusion σ(·) coeffi-

cients are polynomials. It is already known, there is an economic intuition by considering

factor models for the term structure of interest rates that live in a bounded state space,

i.e. interest rate to remain positive. Because the drift and diffusion coefficients are now

assumed to have a polynomial structure, it becomes non-trivial to construct such models.

Typically, the Feller explosion test is the classical approach that is used in the literature to

characterize models that live in bounded domains.

Below we cite the important theorem from Cheng & Tehranchi (2015) that provides

characterisation of SDE with polynomial coefficient that has a unique bounded solution.

Theorem 1. Suppose a(x) = σ(x)2 and b(x) are polynomials on (xmin, xmax), with a(xmin) =

0 and a(x) > 0 on the interval a(xmin) < x < c for some constant c. Let a and b take the

form

a(x) = A(x)(x− xmin)
α and b(x) = B(x)(x− xmin)

β

for some integers α ≥ 1, β ≥ 0 such that A(x), B(x) are polynomials with A(xmin) 6=

B(xmin) 6= 0. Define

T :=
2B(xmin)

A(xmin)
, and v(z) =

∫ c

z

∫ x

z

1

a(x)
e
∫ x
y

2b(w)
a(w)

dwdydx.

Then the following statements hold;

(a) If α = 1, β = 0, then v(xmin+) =∞ ⇐⇒ T ≥ 1
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(b) If α = 1, β ≥ 1, then v(xmin+) <∞

(c) If α ≥ 2, β = 0, then v(xmin+) <∞ ⇐⇒ T ≥ 0

(d) If α ≥ 2, β ≥ 1, then v(xmin+) =∞.

Proof. The proof follow the ideas given by Cheng & Tehranchi (2015).

Define the notation

f(z) ∼ g(z) as z → c, and g(t+) = lim
z→t+

g(z).

Because
1

a(x)
e
∫ x
y

2b(w)
a(w)

dw > 0

then the integral

v(xmin) =

∫ c

xmin

∫ x

xmin

1

a(x)
e
∫ x
y

2b(w)
a(w)

dwdydx

is well defined and can have finite or infinite value.

(a) Suppose α = 1, β = 0. Define

e(w) =
2b(w)

a(w)
− T (w − zmin)

−1 =

2B(w)
A(w)

− T
w − xmin

.

Then e(w) is a continuous function on (xmin, c].

It follows that

e(xmin+) = lim
w→x+

min

2B(w)
A(w)

− T
w − xmin

= 2
B′(xmin)A(xmin)−B(xmin)A

′(xmin)

A2(xmin)
<∞
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since A(xmin) 6= 0. It follows that e(w) is bounded on (xmin, c]. We then have

2b(w)

a(w)
= T

1

w − zmin

+ e(w)∫ x

y

2b(w)

a(w)
dw = T

∫ x

y

1

w − xmin

+ e(w)dw

= T log

(
x− xmin

y − xmin

)
+ E(y, x)

the error term is bounded on (xmin, c] due to the boundedness of e(w) and y, x ∈

(xmin, c]. The following is true by the mean value theorem for integrals

v(xmin) =

∫ c

xmin

∫ x

xmin

1

a(x)
e
∫ z
y

2b(w)
a(w)

dwdydx (3.2.7)

=

∫ c

xmin

1

A(x)(x− xmin)

∫ x

xmin

(
x− xmin

y − xmin

)T
eE(y,x)dydx

=

∫ c

xmin

1

A(x)
(x− xmin)

−1+T eE(η(x),x)

∫ x

xmin

(y − xmin)
Tdydx

for some constant η(x) on (xmin, c]. v(xmin) is finite given that the integral

∫ c

xmin

(x− xmin)
−1+T

∫ x

xmin

(y − xmin)
Tdydx (3.2.8)

is finite. We know that Equation (3.2.8) is finite if and only if T > 1. It follows that

If α = 1, β = 0, then v(xmin+) =∞ ⇐⇒ T ≥ 1.

(b) Suppose α = 1, β ≥ 1. Then we have

2b(w)

a(w)
=

2B(w)

A(w)
(w − xmin)

β−1

and since β ≥ 1, there is no singularity at point w = xmin, hence the function

e
∫ x
y

2b(w)
a(w)

dw
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is continuous and bounded on (zmin, c]. Then

∫ c

xmin

∫ x

xmin

1

a(x)
dydx <∞ =⇒ v(xmin) =

∫ c

xmin

∫ x

xmin

1

a(x)
e
∫ x
y

2b(w)
a(w)

dwdydx <∞.

We have that if α = 1, β ≥ 1, then v(xmin+) <∞.

(c) Let α ≥ 2, β = 0. Write

2b(w)

a(w)
∼ T (w − xmin)

β−α, as w → xmin,

then for any ε > 0 and y, x in the neighborhood of xmin then we have

(1− ε)
∫ x

y

T (w − zmin)
β−αdw <

∫ x

y

2b(w)

a(w)
dw < (1 + ε)

∫ x

y

T (w − xmin)
β−αdw

since T > 0.

or

(1 + ε)

∫ x

y

T (w − xmin)
β−αdw <

∫ x

y

2b(w)

a(w)
dw < (1− ε)

∫ x

y

T (w − xmin)
β−αdw.

from which we have

∫ c

xmin

∫ x

xmin

1

a(x)
e(1−ε)T

∫ x
y
(w−xmin)

β−αdwdydx <

∫ c

zmin

∫ x

xmin

1

a(x)
e
∫ x
y

2b(w)
a(w)

dwdydx

<

∫ c

xmin

∫ x

xmin

1

a(x)
e(1+ε)T

∫ x
y
(w−xmin)

β−αdwdydx.

Define a function

u(t) :=

∫ c

xmin

∫ x

xmin

1

a(x)
et

∫ x
y (w−xmin)β−αdwdydx

One can show that for all t ∈ R u(t) = ∞. Now by applying Sandwich theorem
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v(xmin) =∞ since u((1− ε)T ) and u((1 + ε)T ) tend to∞. Consider t > 0. Then

u(t) :=

∫ c

xmin

∫ x

xmin

1

a(x)
et

∫ x
y (w−xmin)β−αdwdydx (3.2.9)

=

∫ c

xmin

1

A(x)(x− xmin)α

∫ x

xmin

et
∫ x
y (w−xmin)β−αdwdydx

=

∫ c

xmin

1

A(x)(x− xmin)α
e

t
β−α+1

(x−xmin)β−α+1

∫ x

xmin

e−
t

β−α+1
(y−xmin)β−α+1

dydx

:=

∫ c

xmin

f(x)dx

then of any −1 ≤ γ < 0

lim
x→x+

min

f(x)

(x− xmin)γ
= lim
x→x+

min

∫ x
xmin

e−
t

β−α+1 (y−xmin)
β−α+1

dy

A(x)(x− xmin)α+γe
− t
β−α+1 (x−xmin)

β−α+1
→ 0

0
(3.2.10)

= lim
x→x+

min

e−
t

β−α+1 (x−xmin)
β−α+1

[(α+ γ)A(x)(x− xmin)α+γ−1 − t(x− xmin)β+γ ] e−
t

β−α+1 (x−xmin)
β−α+1

= lim
x→x+

min

1

(α+ γ)A(x)(x− xmin)α+γ−1 − t(x− xmin)β+γ

Since β = 0, take γ = −1
2

then

lim
x→x+

min

f(x)

(x− xmin)γ
= lim

x→x+
min

(x− xmin)
1
2

(α− 1
2
)A(x)(x− xmin)α−1 − t

= 0. (3.2.11)

We have that

u(t) =

∫ c

xmin

f(x)dx <

∫ c

xmin

(x− xmin)
− 1

2dx <∞

and since u((1− ε)T ) and u((1 + ε)T ) are both finite and

u((1− ε)T ) < v(xmin) < u((1 + ε)T )
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it follows that

v(zmin) <∞.

We have showed that if α ≥ 2, β = 0, then v(xmin+) <∞

(d) Finally, suppose α ≥ 2, β ≥ 1. From Equation (5), let γ = −1, then

lim
x→x+

min

f(x)

(x− xmin)γ
= lim

x→x+
min

1

(α− 1
2
)A(x)(x− xmin)α−2 − t(x− xmin)β−1

→∞.

(3.2.12)

Then

u(t) =

∫ c

xmin

f(x)dx <

∫ c

xmin

(x− xmin)
−1dx =∞.

The we have

v(xmin) =∞

since

u((1− ε)T ) < v(xmin) < u((1 + ε)T )

when β ≥ 1.

Having verified the Feller test above, we now turn to characterize stochastic differen-

tial equations with polynomial coefficients that have a unique bounded solution.

Theorem 2. Suppose Suppose a(x) and b(x) are polynomials with a(xmin) = a(xmax) = 0

and a(x) > 0 on the interval xmin < x < xmax. Let

D(x) = 2b(x) + a′(x)h(a′(x), b(x))
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where

h(z, y) =


1 if z = y = 0

−1 otherwise.

Then the following are equivalent

(a) ∀x ∈ (xmin, xmax) the SDE

dXt = b(Xt)dt+ a(Xt)dWt, X0 = x. (3.2.13)

such that the initial value of X0 is F0-measurable with E[X2
0 ] < ∞, then it has a

unique strong solution in (xmin, xmax).

(b) D(xmin) ≥ 0 ≥ D(xmax)

Proof. We must show that if one of the conditions in Theorem 1 holds then D(xmin) ≥

0.

Suppose that the drift b(Xt), diffusion a(Xt) and the interest rate rt = R(Xt) are

polynomials, or in other words they have the form:

b(x) =
k∑
i=0

bix
i, a(x) =

l∑
i=0

aix
i, R(x) =

m∑
i=0

Rix
i, ∀bi, ai, Ri ∈ R, and k, l,m ∈ Z+∪{0}

The immediate question is whether the bond price formula in Equation (3.2.6) holds and

if it satisfies the consistency condition given in Equation (3.2.4) above.

It turns out that

n∑
i=0

ġi(T−t)xi =

k∑
j=0

n∑
i=1

ibjgi(T−t)xj+i−1+
1

2

l∑
j=0

n∑
i=2

i(i−1)ajgi(T−t)xj+i−2−
m∑
i=0

n∑
j=0

Rigj(T−t)xi+j ,

is a polynomial of degree N = max{m+n, k+n−1, l+n−2} which is at least greater

than or equal to n. We are interested in the caseN > n. It remains to find all possible pairs
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of numbers k, l,m that correspond to this assumption. We have that k ≥ 0, l ≥ 0,m ≥ 0

and n ≥ 1,m + n > n, k + n − 1 > n, l + n − 2 > n. The last inequalities give

m > 0, k > 1, l > 2. Cheng & Tehranchi (2015) proved that k ≤ 3, l ≤ 4,m ≤ 2

guarantee arbitrage-free polynomial interest rate models of arbitrary degree. We cite their

result as given in the following theorem and verify the given constraints.

Fix a degree of a polynomial n, the space of (scalar) polynomial function is defined

by

Fn =

{
f : D → R : f(x) =

n∑
k=0

fkx
k, ∀fi ∈ R, i = 0, 1, · · · , n.

}
. (3.2.14)

We assume that for all k = 1, 2, · · · , n fk are real-valued functions. It is easy to see that

Fn is closed under the usual arithmetic basic operations. We say that a polynomial P is

of degree at most n if and only if P ∈ Fn.

Theorem 3. In polynomial models, if the coefficient function gi(·) are linearly indepen-

dent for i = 1, 2, · · · , n then we have b(x), a(x), R(x) are all polynomials of degree at

most 3, 4, 2 respectively. Further if

b(x) =
3∑
i=0

bix
i, a(x) =

4∑
i=0

aix
i, R(x) =

2∑
i=0

Rix
i,

the following constraints are imposed:

nb3 +
n(n− 1)

2
a4 −R2 = 0 (3.2.15)

(n− 1)b3 +
(n− 1)(n− 2)

2
a4 −R2 = 0 (3.2.16)

nb2 +
n(n− 1)

2
a3 −R1 = 0. (3.2.17)

Remark 1. The above theorem provides necessary conditions on the functions b(x), a(x)

and R(x) when searching for an arbitrage-free polynomial model. The sufficient condi-
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tion is that if the functions b(x), a(x) andR(x) take the above form with given constraints

and the factor processXt is non-explosive, then there is a unique solutionH satisfying the

consistency Equation (3.2.4). Moreover, if the interest rate rt = R(Xt) is non-negative,

then the discounted bond price process is a local martingale if and only if the factor

process Xt is bounded.

We want to establish the constraints given in Theorem 3. To do this, let b ∈ F3, a ∈
F4, H ∈ Fn and R ∈ F2

R(x)H(x) =(R0 +R1x+R2x
2)(g0 + g1x+ g2x

2 + · · ·+ gnx
n) (3.2.18)

=R0g0 + (R0g1 +R1g0)x+ (R0g2 +R1g1 +R2g0)x2 + · · ·+ (R0gn +R1gn−1 +R2gn−2)xn

+ (R1gn +R2gn−1)xn+1 + R2gnx
n+2

b(x)∂xH =(b0 + b1x+ b2x
2 + b3x

3)(g1 + 2g2x+ 3g3x
2 · · ·+ ngnx

n−1) (3.2.19)

=b0g1 + (2b0g2 + b1g1)x+ (3b0g3 + 2b1g2 + b2g1)x2 + · · ·

+ (nb0gn + (n− 1)b1gn−1 + (n− 2)b2gn−2 + (n− 3)b3gn−3)xn

+ (nb2gn + (n− 1)b3gn−1)xn+1 + nb3gnx
n+2

1

2
a(x)∂xxH =(a0 + a1x+ a2x

2 + a3x
3 + a4x

4)(g2 + 3g3x+ 6g4x
2 · · ·+ n(n− 1)

2
gnx

n−2) (3.2.20)

=a0g2 + (3a0g3 + a1g2)x+ (6a0g4 + 3a1g3 + a2g2)x2 + · · ·+ (
1

2
n(n− 1)a2gn +

1

2
na3gn−1

+
1

2
a4gn−2)xn

+

(
1

2
(n− 1)(n− 2)a4gn−1 +

1

2
n(n− 1)a3gn

)
xn+1 +

1

2
n(n− 1)a4gnx

n+2

and equating coefficients using the consistency Equation (3.2.4), we get system of cou-

pled linear ordinal differential equations and two algebraic equations (see the boxed ex-
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pressions).

0 =

(
(n− 1)b3 +

1

2
(n− 1)(n− 2)a4 −R2

)
gn−1 +

(
nb2 +

1

2
n(n− 1)a3 −R1

)
gn

(3.2.21)

0 =

(
nb3 +

1

2
n(n− 1)a4 −R2

)
gn (3.2.22)

ġk =

(
(k − 2)b3 +

(k − 2)(k − 3)

2
a4 −R2

)
gk−2 (3.2.23)

+

(
(k − 1)b2 +

(k − 1)(k − 2)

2
a3 −R1

)
gk−1 +

(
kµ1 +

k(k − 1)

2
a2 −R0

)
gk

+

(
(k + 1)b0 +

k(k + 1)

2
σ1

)
gk+1 +

(k + 2)(k + 1)

2
a0gk+2, with gk(0) = I{k=0}.

By the independence assumption of the gk for each k, constraints in Equations (3.2.15)-

(3.2.17) follow immediately from equating the coefficients of gn−1 and gn to 0. The tricky

part of Equation (3.2.23) is that it only holds if we interpret g−2 = g−1 = gn+1 = gn+2 =

0.

We have shown the following:

Theorem 4. The time t price zero-coupon bond in Equation (3.2.3), with boundary con-

dition H(0, x) = 1 for all x ∈ I is given by:

H(T − t, x) = EQ
t

[
1 · e−

∫ T
t R(Xs)ds | Xt = x

]
=

n∑
k=0

gk(T − t, R; 1)xk, i = 0, 1, 2

(3.2.24)

where gk solves

ġk =

(
(k − 2)b3 +

(k − 2)(k − 3)

2
a4 −R2

)
gk−2 (3.2.25)

+

(
(k − 1)b2 +

(k − 1)(k − 2)

2
a3 −R1

)
gk−1 +

(
kµ1 +

k(k − 1)

2
a2 −R0

)
gk

+

(
(k + 1)b0 +

k(k + 1)

2
σ1

)
gk+1 +

(k + 2)(k + 1)

2
a0gk+2,

with gk(0, R, 1) = I{k=0}, g−2 = g−1 = gn+1 = gn+2 = 0 and gk satisfying the constraints
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in Equations (3.2.15)-(3.2.17).

In general, the key result is based on the possibility to compute the joint expectation

that involves the polynomial process at final time and the exponential of the integral of

the factor process at any point in time. Below we show that this joint expectation can be

expressed in a polynomial form. This is done in the following key theorem:

Theorem 5. Suppose Xt lives in a bounded state space, R ∈ F2, and for i = 0, 1, 2,

Ri,∈ R

Then we have

E

[
m∑
k=0

µkX
k
τ exp

(
−
∫ τ

0

R(Xs)ds

)
| X0 = x

]
=

n∑
k=0

gk(τ, R;µk)x
k, m ≤ n

(3.2.26)

where the functions gk, k = 1, · · · , n solve the system of linear ordinary differential

equations

ġk =

(
(k − 2)b3 +

(k − 2)(k − 3)

2
a4 −R2

)
gk−2 (3.2.27)

+

(
(k − 1)b2 +

(k − 1)(k − 2)

2
a3 −R1

)
gk−1 +

(
kµ1 +

k(k − 1)

2
a2 −R0

)
gk

+

(
(k + 1)b0 +

k(k + 1)

2
σ1

)
gk+1 +

(k + 2)(k + 1)

2
a0gk+2,

where we interpret g−2 = g−1 = gn+1 = gn+2 = 0 and gk satisfying the constraints in

Equations(3.2.15)-(3.2.17), and subjected to the boundary condition

g0(0, R;µk) =


µk for m ≤ n

0 for m > n.

(3.2.28)
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Proof. Let

H(τ, x) = E

[
n∑
k=0

µkX
k
τ exp

(
−
∫ τ

0

R(Xs)ds

)
| X0 = x

]
. (3.2.29)

In particular, we consider H that solves 4


∂τH = b∂xH + 1

2
a∂xxH −RH,

H(0, x) =
∑n

k=0 µkx
k,

(3.2.30)

for some polynomials b, a and R of degree at most 3, 4 and 2 respectively.

Now consider the discount process (Mτ )0≤τ≤T , defined by

Mτ = exp

(
−
∫ τ

0

R0 +R1Xs +R2X
2
sds

)
H(T − τ,Xτ ). (3.2.31)

This process is bounded due to the fact that Xτ is bounded.

Since

E[MT ] = M0 = H(T, x), (3.2.32)

then Mτ is a martingale.

If H can be written as

H(τ, x) =
n∑
k=0

gk(τ, R;µk)x
k, (3.2.33)

then by equating coefficients in x, in Equation (3.2.30) and (3.2.33) we get the initial

conditions

gk(0, R;µk) = µk ∀ k = 0, 1, · · · , n

4Here we assumed R ∈ F2. We could relax that to any order.
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for the same set of coupled linear differential equation given above.

3.3 Modeling roll-over risk

As in Chapter 2, we assume that the modelling variables for the roll-over risk rc(t),

λ(t) and φ(t) take the following form:

rc(t) = a0 + 〈a,X(t)〉 (3.3.1)

λ(t) = b0 + 〈b,X(t)〉 (3.3.2)

φ(t) = c0 + 〈c,X(t)〉 (3.3.3)

where a, b, c are arbitrary vectors and a0, b0, c0 are constants, or preferably time dependent

in order to fit the initial term structure.

For ease of notation, suppose for now that the modelling variables in Equations (3.3.4)-

(3.3.6) are represented by R5. As in Cheng & Tehranchi (2015), we fix these modelling

quantities to be polynomials of degree less than or equal to 2, i.e., rc, λ, φ ∈ F2, the drift

b ∈ F3, and the diffusion polynomial a ∈ F4.

3.3.1 Model dynamics

We assume that the model variables are affine and are driven by d independent factors

Xi, i.e.

rc(t) =
d∑
i=1

aiXi(t) (3.3.4)

λ(t) =
d∑
i=1

biXi(t) (3.3.5)

φ(t) =
d∑
i=1

ciXi(t) (3.3.6)

5For example in case of modelling rc we replace R by rc.
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where the Xi follows the following dynamics under the pricing measure Q, i.e.

dXi(t) = κi(θi −Xi(t))dt+

√
Xi(t)

(
γi −

2

n
Xi(t)

)(
γi −

2

n− 1
Xi(t)

)
dWi(t),

(3.3.7)

where dWi(t) (i = 1, · · · , d) are independent Wiener processes, with parameters (κi, θi, γi) >

0 for all i = 1, 2, · · · , d. This dynamic is related to the CIR–type model. The only differ-

ence is that this model lives in a bounded interval I =
(
0, 1

2
γin
)

for all i; in fact, choosing

n→∞ this model specification boils down to CIR model where γi can be viewed as spot

volatility. Since each of the factors follow independent dynamics, the sufficient condition

for each factor to remain in the bounded interval is the Feller non-explosion test.

Since

bi(Xi) = κi(θi −Xi(t)) (3.3.8)

ai(Xi) = γ2
iXi(t)− 2γ

(2n− 1)

n(n− 1)
X2
i (t) +

4

n(n− 1)
X3
i (t), (3.3.9)

the Feller test function is defined as:

F (X) =:2κi(θi −Xi(t))−
(
γ2
i − 4γ

(2n− 1)

n(n− 1)
Xi(t) +

12

n(n− 1)
X2
i (t)

)
.

(3.3.10)

Now applying the Feller non-explosion condition to the above dynamics we get:

F (0) = 2κiθi − γ2
i ≥ 0 ≥ F (

1

2
γin) = 2κiθi − κiγin+

γ2
i

n− 1
.

Rearrange the terms above to obtain:
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2κiθi ≥ γ2
i and κi(γin− 2θi) ≥

γ2
i

n− 1
∀i. (3.3.11)

3.3.2 Computation of the relevant expectations

We now turn to the computation of expectations involved in the following formulae

EQ
t

[
e
∫ T
t φ(s)ds

]
, EQ

t

[
e−

∫ T
t (rc(s)+λ(s)q)ds

]
and DOIS(t, T ) = EQ

t

[
e−

∫ T
t rc(s)ds

]
.

Lemma 2. We have the following:

(a) OIS discount factors

DOIS(t, T ) =EQ
t

[
e−

∫ T
t
rc(Xs)ds

]
(3.3.12)

=EQ
t

[
e−

∫ T
t

∑d
i=1 aiXi(t)ds

]
=

d∏
i=1

EQ
t

[
e−

∫ T
t
aiXi(t)ds

]
=

d∏
i=1

[
n∑
k=0

g
(i)
k (T − t, ai; 1)xk

]

where the functions g(i)k , k = 1, · · · , n solve the system of the following linear differential equa-

tions:

ġ
(i)
0 =κiθig

(i)
1 (3.3.13)

ġ
(i)
1 =− aig(i)0 − κig

(i)
1 + (2κiθi + γ2i )g

(i)
2 (3.3.14)

ġ
(i)
2 =− aig(i)1 +

(
−2κi −

3nγi − γi
n(n− 1)

)
g
(i)
2 + (3κiθi + 3γ2i )g

(i)
3 (3.3.15)

ġ
(i)
3 =

(
2

n(n− 1)
− ai

)
g
(i)
2 +

(
−3κi − 3

3nγi − γi
n(n− 1)

)
g
(i)
3 + (4κiθi + 6γ2i )g

(i)
4 (3.3.16)

ġ
(i)
4 =

(
3

2

n(n− 1)
− ai

)
g
(i)
3 +

(
−4κi − 6

3nγi − γi
n(n− 1)

)
g
(i)
4 + (5κiθi + 10γ2i )g

(i)
5 (3.3.17)

· · ·

ġ(i)n =

(
(n− 2)

n
− ai

)
g
(i)
n−1 +

(
−nκi −

3nγi − γi
2

)
g(i)n +

(
(n+ 1)κiθi +

n(n+ 1)

2
γ2i

)
g
(i)
n+1,

(3.3.18)
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and with

g
(i)
0 (0) = 1 ∀i and g(i)

k (0) = 0 for k = 1, 2, · · · , n,∀i.

We impose the restriction from the constraint in Equation (3.2.17)

ai = 2 for all i.

(b)

EQ
t

[
e−

∫ T
t rc(Xs)+qλ(Xs)ds

]
=EQ

t

[
e−

∫ T
t

∑d
i=1(ai+qbi)Xi(t)ds

]
(3.3.19)

=
d∏
i=1

EQ
t

[
e−

∫ T
t (ai+qbi)Xi(t)ds

]
=

d∏
i=1

[
n∑
k=0

g
(i)
k (T − t, ai + qbi; 1)xk

]
,

(c)

EQ
t

[
e
∫ T
t φ(Xs)ds

]
=EQ

t

[
e−

∫ T
t −

∑d
i=1 ciXi(t)ds

]
(3.3.20)

=
d∏
i=1

EQ
t

[
e−

∫ T
t −ciXi(t)ds

]
=

d∏
i=1

[
n∑
k=0

g
(i)
k (T − t,−ci; 1)xk

]
.

It remains to investigate on how to work out the expectation of the following form:
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EQ
t

[
e−

∫ Tj−1
t (rc(s)+λ(s)q)dse

∫ Tj
Tj−1

φ(s)ds
]

(3.3.21)

= EQ
t

[
e−

∫ Tj−1
t (rc(s)+λ(s)q)dsEQ

Tj−1

[
e
∫ Tj
Tj−1

φ(s)ds
]]

= EQ
t

[
d∏
i=1

[
n∑
k=0

g
(i)
k (Tj − Tj−1,−ci; 1)xk

]
e−

∫ Tj−1
t (rc(s)+λ(s)q)ds

]

=
n∏
i=1

EQ
t

[[
n∑
k=0

g
(i)
k (Tj − Tj−1,−ci; 1)xk

]
e−

∫ Tj−1
t (ai+qbi)ds

]

=
n∏
i=1

[
n∑
k=1

g
(i)
k (Tj−1 − t, ai + qbi; g

(i)
k (Tj − Tj−1,−ci; 1))xk

]
,

where for all i = 0, 1, · · · , n, g(i)
k solves the linear system of ODE in Equation (3.3.48)-

(3.3.18) but with the following initial conditions:

g
(i)
k (0, ai + qbi; g

(i)
k (Tj − Tj−1,−ci; 1))xk = g

(i)
k (Tj − Tj−1,−ci; 1). (3.3.22)

Fixing the loss fraction to q = 0.6 as adopted in the literature, we end up with the only

constraint

∀ i ai + qbi = 3.12 and ci = 2 .

3.3.3 LIBOR expression

From Alfeus, Grasselli & Schlögl (2017) we obtain the formula for the spot LIBORs

L(t, T ) as conditional expectations over the dynamics of φ, rc and λ:
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δL(Tj−1, Tj) =− 1 +
EQ
t

[
e
∫ T
t φ(Xs)ds

]
EQ
t

[
e−

∫ T
t rc(Xs)+qλ(Xs)ds

] (3.3.23)

= −1 +
d∏
i=1

[∑n
k=0 g

(i)
k (Tj − Tj−1,−ci)xk

]
[∑n

k=0 g
(i)
k (Tj − Tj−1, ai + qbi)xk

]

And the discounted LIBOR is given by

EQ
t

[
e−

∫ Tj
t rc(Xs)dsδjL(Tj−1, Tj)

]
(3.3.24)

= δjEQ
t

[
e−

∫ Tj−1
t rc(Xs)dsL(Tj−1, Tj)D

OIS(Tj−1, Tj)

]
= δjEQ

t

[
d∏
i=1

[
n∑
k=0

g
(i)
k (Tj − Tj−1, ai; 1)xk(Tj−1)

]
e−

∫ Tj−1
t

∑d
i=1 aiXi(t)dsL(Tj−1, Tj)

]

= −
d∏
i=1

EQ
t

[[
n∑
k=0

g
(i)
k (Tj − Tj−1, ai; 1)xk(Tj−1)

]
e−

∫ Tj−1
t aiXi(t)ds

]

+

d∏
i=1

EQ
t

[ n∑
k=0

g
(i)
k (Tj − Tj−1, ai; 1)xk(Tj−1)

]
e−

∫ Tj−1
t aiXi(t)ds


[∑n

k=0 g
(i)
k (Tj − Tj−1,−ci; 1)xk

]
[∑n

k=0 g
(i)
k (Tj − Tj−1, ai + qbi; 1)xk

]


=

(a)︷ ︸︸ ︷
−

d∏
i=1

EQ
t

[[
n∑
k=0

g
(i)
k (Tj − Tj−1, ai; 1)xk(Tj−1)

]
e−

∫ Tj−1
t aiXi(t)ds

]

+

d∏
i=1

EQ
t


[∑n

k=0 g
(i)
k (Tj − Tj−1,−ci; 1)xk(Tj−1)

] [∑n
k=0 g

(i)
k (Tj − Tj−1, ai; 1)xk(Tj−1)

]
[∑n

k=0 g
(i)
k (Tj − Tj−1, ai + qbi; 1)xk(Tj−1)

]
 e− ∫ Tj−1

t aiXi(s)ds


︸ ︷︷ ︸

(b)

3.3.4 CDS expression

Consider two companies A and B who agree on the following:

• On one hand, if a third reference company C defaults at time τ < T , B pays (1−R)
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to A.

• On the other hand, company A agrees to pay C periodically to B. Payments occurs

at times T = {T1, T2, · · · , TN}, δj = Tj − Tj−1, T0 = 0.

The CDS discounted value in view of a protection buyer at time t is given by:

Iτ>tEQ

(1−R)DOIS(t, τ)Iτ<T − C


N∑

j=β(t)

δjD
OIS(t, Tj)Iτ>Ti +DOIS(t, τ)(τ − Tβ(τ)−1)Iτ<TN


 ,

(3.3.25)

where Tβ(t) is the first date of T1, · · · , Tn following t. The par spread s makes the

value of the CDS (Eq. (3.3.25)) equal to zero at inception. We get:

s =
(1−R)EQ [DOIS(t, τ)Iτ<T ]

EQ
[∑N

j=β(t) δiD
OIS(t, Ti)Iτ>Tj

]
+ EQ

[
DOIS(t, τ)(τ − Tβ(τ)−1)Iτ<TN

] . (3.3.26)

In the credit derivatives world we have formulae that are analogous to the ones for

interest-rate derivative products. For example, the risk-neutral survival probability is

given by

Z(0, t) := E [Iτ>t|σ({τ < u}, u ≤ t)] = E [E [Iτ>t|σ({τ < u}, u ≤ t)]] = E
[
e−

∫ t
0 λ(s)ds

]
.



129

Based on the results above, the value of the CDS at time 0 can be written as:

EQ

(1−R)DOIS(0, τ)Iτ<T − C


N∑
j=1

δjD
OIS(0, Ti)Iτ>Tj +DOIS(0, τ)(τ − Tβ(τ)−1)Iτ<TN



(3.3.27)

=EQ
∫ T

0

(1−R)DOIS(t, u)Iu<T − C


N∑
j=1

δjD
OIS(0, Ti)Iu>Tj +DOIS(0, u)(u− Tβ(u)−1)Iu<TN


 dIτ≤u,

=(1−R)

∫ T

0

EQ
[
e−

∫ u
t
(rc(s)+λ(s))dsλ(u)

]
du−

N∑
j=1

CδjEQ
[
e−

∫ Tj
0 (rc(s)+λ(s))ds

]

−C
∫ TN

0

E
[
e−

∫ u
0
(rc(s)+λ(s))dsλ(u)

]
(u− Tβ(u)−1)du

=(1−R)

∫ T

0

EQ

[
d∑
i=1

biX(u)e−
∫ u
t

∑d
i=1(ai+bi)X(s)ds

]
du−

N∑
j=1

CδjEQ
[
e−

∫ Tj
0

∑d
i=1(ai+bi)Xi(s)ds

]

−C
∫ TN

0

E

[
d∑
i=1

biXi(u)e−
∫ u
0

∑d
i=1(ai+bi)Xi(s)ds

]
(u− Tβ(u)−1)du

=(1−R)

d∏
i=1

d∑
i=1

∫ T

0

n∑
k=0

g
(i)
k (u, rc + λ; bi)du− Cδj

d∏
i=1

n∑
k=0

g
(i)
k (Tj , a+ b; 1)

+

d∏
i=1

d∑
i=1

∫ TN

0

C
n∑
k=0

g
(i)
k (u, rc + λ; bi)(u− Tβ(u)−1)du,

3.3.5 Specific consideration

We fix the degree of the polynomial n = 2 and substitute n into Equation (3.3.11).

Then the above Feller condition becomes

2κiγi ≥ 2κiθi ≥ γ2
i ∀i.

In this case Equation (3.3.28) boils down to:

bi(xi) = κiθi − κixi (3.3.28)

ai(xi) = γ2
i xi − 3γx2

i + 2x3
i , (3.3.29)
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which means b0 = κiθi, b1 = −κi, b2 = 0, b3 = 0 and a0 = 0, a1 = γ2
i , a2 = −3γ, a3 =

2, a4 = 0.

Equation (2.2.26) to (2.2.28) can be viewed as:

rc(t) =
d∑
i=1

aiXi(t), ∀i R0 = 0, R1 = ai, R2 = 0 (3.3.30)

λ(t) =
d∑
i=1

biXi(t), ∀i R0 = 0, R1 = bi, R2 = 0 (3.3.31)

φ(t) =
d∑
i=1

ciXi(t), ∀i R0 = 0, R1 = ci, R2 = 0 (3.3.32)

OIS discount factors

The OIS discount factors become:

DOIS(t, T ) =
d∏
i=1

[
g

(i)
0 (T − t, ai) + g

(i)
1 (T − t, ai)x+ g

(i)
2 (T − t, ai)x2

]
, (3.3.33)

where for all i = 1, · · · , d, g(i)
0 , g(i)

1 and g(i)
2 solves

ġ
(i)
0 =κiθig

(i)
1 , g

(i)
0 = 1 ∀i (3.3.34)

ġ
(i)
1 =− aig(i)

0 − κig
(i)
1 + (2κiθi + γ2

i )g
(i)
2 , g

(i)
1 = 0 ∀i (3.3.35)

ġ
(i)
2 =− aig(i)

1 − 2 (κi + γi) g
(i)
2 , g

(i)
2 = 0 ∀i (3.3.36)
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Discounted LIBOR formulae

EQ
t

[
e−

∫ Tj
t rc(Xs)dsδjL(Tj−1, Tj)

]
= −

d∏
i=1

EQ
t

[[
2∑
k=0

g
(i)
k (Tj − Tj−1, ai; 1)xk(Tj−1)

]
e−

∫ Tj−1
t aiXi(t)ds

]
(3.3.37)

+

d∏
i=1

EQ
t

[[
2∑
k=0

G
(i)
k (Tj − Tj−1,Φi; 1)

]
e−

∫ Tj−1
t aiXi(s)ds

]

= −
d∏
i=1

2∑
k=0

g
(i)
k (Tj−1 − t, ai; g(i)k (Tj − Tj−1, ai; 1))xk

+

d∏
i=1

2∑
k=0

g
(i)
k (Tj−1 − t, ai;G(i)

k (Tj − Tj−1,Φi; 1))xk,

:= −
d∏
i=1

2∑
k=0

g
(i)
k (Tj−1 − t, ai;αi)xk

+

d∏
i=1

2∑
k=0

g
(i)
k (Tj−1 − t, ai;αi)xk,

where, for all i = 1, · · · , d g(i)
0 , g(i)

1 and g(i)
2 solves

ġ
(i)
0 =κiθig

(i)
1 , (3.3.38)

ġ
(i)
1 =− aig(i)

0 − κig
(i)
1 + (2κiθi + γ2

i )g
(i)
2 , (3.3.39)

ġ
(i)
2 =− aig(i)

1 − 2 (κi + γi) g
(i)
2 , (3.3.40)

with initial value

g
(i)
k =


g

(i)
k (Tj − Tj−1, ai; 1) if αi = g

(i)
k (Tj − Tj−1, ai; 1)

G
(i)
k (Tj − Tj−1,Φi; 1) if αi = G

(i)
k (Tj − Tj−1,Φi; 1)

∀i, k
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G
(i)
0 (Tj − Tj−1,Φi; 1) = (C

(i)
0 A

(i)
2 + C

(i)
1 A

(i)
1 + C

(i)
2 A

(i)
0 − (B̃

(i)
1 (C

(i)
1 A

(i)
2 + C

(i)
2 A

(i)
1 − (C

(i)
2 A

(i)
2 B̃

(i)
1 )/B̃

(i)
2 ))/B̃

(i)
2

− (C
(i)
2 A

(i)
2 B̃

(i)
0 )/B̃

(i)
2 )/B̃

(i)
2 (3.3.41)

G
(i)
1 (Tj − Tj−1,Φi; 1) =

C
(i)
1 A

(i)
2 + C

(i)
2 A

(i)
1 − C

(i)
2 A

(i)
2 B̃

(i)
1 /B̃

(i)
2

B̃
(i)
2

(3.3.42)

G
(i)
2 (Tj − Tj−1,Φi; 1) =

C
(i)
2 A

(i)
2

B̃
(i)
2

, (3.3.43)

where

for all i, k, A(i)
k = g

(i)
k (Tj − Tj−1, ai; 1), B̃

(i)
k = g

(i)
k (Tj − Tj−1, ai + qbi; 1), C

(i)
k = g

(i)
k (Tj − Tj−1,−ci; 1). (3.3.44)

and

Φi =



ai for A(i)
k

ai + qbi for B(i)
k

−ci for C(i)
k

We should set the remainder term to zero to maintain the tractability of the model.

0 = C
(i)
0 A

(i)
1 + C

(i)
1 A

(i)
0 − (B̃

(i)
0 (C

(i)
1 A

(i)
2 + C

(i)
2 A

(i)
1 − (C

(i)
2 A

(i)
2 B̃

(i)
1 )/B̃

(i)
2 ))/B̃

(i)
2 (3.3.45)

− (B̃
(i)
1 (C

(i)
0 A

(i)
2 + C

(i)
1 A

(i)
1 + C

(i)
2 A

(i)
0 − (B̃

(i)
1 (C

(i)
1 A

(i)
2 + C

(i)
2 A

(i)
1

− (C
(i)
2 A

(i)
2 B̃

(i)
1 )/B̃

(i)
2 ))/B̃

(i)
2 − (C

(i)
2 A

(i)
2 B̃

(i)
0 )/B̃

(i)
2 ))/B̃

(i)
2

0 = C
(i)
0 A

(i)
0 − (B̃

(i)
0 (C

(i)
0 A

(i)
2 + C

(i)
1 A

(i)
1 + C

(i)
2 A

(i)
0 − (B̃

(i)
1 (C

(i)
1 A

(i)
2 + C

(i)
2 A

(i)
1

− (C
(i)
2 A

(i)
2 B̃

(i)
1 )/B̃

(i)
2 ))/B̃

(i)
2 − (C

(i)
2 A

(i)
2 B̃

(i)
0 )/B̃

(i)
2 ))/B̃

(i)
2 (3.3.46)

Remark 2. Steps to evaluate the discounted Libor formula in Equation (3.3.37):

• ComputeA(i)
k , B̃

(i)
k andC(i)

k , where g(i)
k solves a system of coupled linear ODE given

above.

• Compute G(i)
k .

• Set the remainder term to zero in Equation (3.3.45)
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• compute g(i)
k (Tj−1 − t, ai;αi) where g(i)

k solves a system of coupled linear ODE

given above with initial condition αk

CDS formula

Equation (3.3.47) becomes

V =(1−R)

d∏
i=1

d∑
i=1

∫ T

0

2∑
k=0

g
(i)
k (u, rc + λ; bi)du− Cδj

d∏
i=1

2∑
k=0

g
(i)
k (Tj , a+ b; 1) (3.3.47)

+

d∏
i=1

d∑
i=1

∫ TN

0

C
2∑
k=0

g
(i)
k (u, rc + λ; bi)(u− Tβ(u)−1)du,

=(1−R)

d∏
i=1

d∑
i=1

∫ T

0

2∑
k=0

g
(i)
k (u, rc + λ;αi)du− Cδj

d∏
i=1

2∑
k=0

g
(i)
k (Tj , a+ b;αi)

+

d∏
i=1

d∑
i=1

∫ TN

0

C
2∑
k=0

g
(i)
k (u, rc + λ;αi)(u− Tβ(u)−1)du,

where for all i = 1, · · · , d, g(i)
0 , g(i)

1 and g(i)
2 solves

ġ
(i)
0 =κiθig

(i)
1 , g

(i)
0 =


1 if αi = 1

bi if αi = bi

∀i (3.3.48)

ġ
(i)
1 =− (ai + bi)g

(i)
0 − κig

(i)
1 + (2κiθi + γ2

i )g
(i)
2 , g

(i)
1 = 0 ∀i (3.3.49)

ġ
(i)
2 =− (ai + bi)g

(i)
1 − 2 (κi + γi) g

(i)
2 , g

(i)
2 = 0 ∀i (3.3.50)

(3.3.51)

3.4 OIS calibration example

In this section we show how the model fits to the data by giving a particular calibra-

tion example. We fit the model to OIS based discount factors. We do not explore to fit the

model to interest rate vanilla swaps, basis swaps and credit default swaps here. We high-

light that same calibration techniques as applied in Alfeus, Grasselli & Schlögl (2017) is

applicable. We mainly want to show that using this class of polynomial models, we can

fit the model to financial data sufficiently well.
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As documented in Alfeus, Grasselli and Schlögl (2017), we calibrate the model to

“cross–sectional” data, i.e. “snapshots” of the market on a single day, we present the

results for an exemplary set of dates only, having verified that results for other days in

our data period are qualitatively similar. Hence, as an example we consider two days, the

01 January 2013 and 31 October 2017 to calibrate the OIS model in Equation (3.3.33).

Interest rate market usually quotes products in terms of bid and ask prices, the mid price

is then computed using averaging method. The common method for calibration is to

minimize the distance between the model price and the market computed mid price. In

our calibration, we do not enforce that condition. We do not compute the mid price either.

We set up a calibration objective function in such a way that we sought our model to lie

somewhere between the bid and ask, i.e., in the “relative least–squares” sense of

arg min
θ∈Θ

N∑
i=1

(
max

{
Pmodel(θ)− P ask

market

P ask
market

, 0

}
+ max

{
P bid

market − Pmodel(θ)

P bid
market

, 0

})2

, (3.4.1)

where N is the number of calibration instruments. θ represents a choice of parameters

from Θ, the admissible set of model parameter values. Pmodel and Pmarket are the model and

market prices, respectively. This objective function is non-linear, and convex type. Local

optimization techniques such as Gradient-based algorithms will not be suitable for the

problem. Instead, we make use of global optimisation, Adaptive Simulated Annealing

(ASA) (see Ingber (1996)), as this type of method searches over the entire parameter

space.

Tables 3.1 and 3.2 show the calibrated model parameters for the 3-factor and 1-factor

polynomial model case. To fit the model perfectly well, it is necessary to introduce time-

dependent parameters a0(t). These are displayed in Table 3.3.

Calibration results are shown in Figures 3.1 and 3.2, for the date 01 January and 31

October 2017, respectively. In both cases the model (which is plotted as a black straight

line) is always between the bid and ask prices, sometimes it touches the bid-ask bound
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Factor X0 κ θ γ a

3
0.090888 0.49528 0.004832 0.105161 0.003011
0.003612 0.082474 0.004237 0.288912 0.040231
0.140731 0.505994 0.000811 0.165607 0.003714

1 0.940344 0.563445 0.419637 0.805351 0.000636
Table 3.1 : OIS model calibrated parameters on 01 January 2013

Factor X0 κ θ γ a

3
0.118594 0.747684 0.036938 0.037367 0.000213
0.048131 0.351585 0.014802 0.156171 0.043818
0.279789 0.114886 0.158617 0.178198 0.027447

1 0.138402 0.567798 0.083709 0.244009 0.033021
Table 3.2 : OIS model calibrated parameters on 31 October 2017

T a
(1)
0 a

(3)
0

0.5 0.000807 0.000592
1 0.001422 0.001024
2 0.000931 0.001131
3 0.001143 0.000956
4 0.001028 0.000491
5 0.001479 0.001686
6 0.001781 0.000465
8 0.005403 0.006708
9 0.014766 0.014118
10 0.022793 0.025598

(a) 01 January 2013

T a
(1)
0 a

(3)
0

0.5 0.009093 0.003796
1 0.011848 0.006687
2 0.013443 0.008476
3 0.015873 0.010933
4 0.017285 0.012797
5 0.01733 0.012385
6 0.01956 0.015421
8 0.028463 0.024518
9 0.003987 0.000608

10 0.021528 0.015271
(b) 31 October 2017

Table 3.3 : Time-dependent parameter calibrations

especially for shorter maturity where the bid-ask spread is very tight. With only one

factor, this model is able to fit the data well.

3.5 Conclusion

In this chapter, polynomial processes were applied to modelling the term structure of

roll-over risk. We took a different approach to the one widely applied: instead of the

computation of option prices via moments, we followed Cheng & Tehranchi (2015) and

represented the price of a zero-coupon bond in terms of a polynomial. We explored the
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Data source: Bloomberg

Figure 3.1 : Fit to OIS on 01 January 2013

properties of this class of polynomial factor processes. The key idea is to ensure that the

factor process lives in a bounded domain. As already well-known from affine processes,

that particular criterion is guaranteed by the Feller non-explosion test. We investigated the

Feller non-explosion test for stochastic differential equations where the drift and diffusion

coefficient themselves are polynomials. With that modeling specification in place, we

consider the framework introduced in Alfeus, Grasselli & Schlögl (2017) of modelling

roll-over risk consisting of two components, mainly downgrade risk and funding liquidity

risk. Both these components are expressed as a polynomial process. We derive a LIBOR

formula which is given in terms of a quotient of polynomial functions6.

The implied roll-over risk parameters from market data of Overnight Index Swaps

(OIS), Interest Rate Swaps (IRS), and Basis Swaps (BS) are obtained by the calibration

condition in Equation (3.3.37) where one has to set the remainder term of the quotient of

polynomials to zero in order to maintain tractability. We also derived the expression for

Credit Default swaps.

Finally, we considered an explicit example to show how a polynomial factor model

6i.e. given as a rational function.
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Data source: Bloomberg

Figure 3.2 : Fit to OIS on 31 October 2017

fits the discount factors bootstrapped from OIS interest rate data. Calibration results are

satisfactory. Considering both one and three-factor versions of this model, the model fits

extremely well to the data. However, one cannot conclude that multifactor polynomial

model performs better than affine specification considered in Chapter 2. This only indi-

cates the flexibility of the polynomial factor processes of this kind, and points to a suitable

direction for risk management model application.
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Chapter 4

On Numerical Methods for Spread Options

This chapter investigates numerical methods for spread options. The first part deals with

pricing spread options in the equity market and the second part extends the idea to the

fixed-income market. In the latter part, we show how to price options on two LIBORs

belonging to two different currencies (the former is domestic, the latter foreign) under the

domestic forward measure and pricing options on LIBOR/OIS spread under a framework

introduced in chapter 2. This chapter is based on a working paper of Alfeus & Schlögl

(2017).

4.1 Introduction

Spread options are multi-asset financial securities that are quite common for instance

in fixed-income markets, foreign exchange markets and commodity derivatives markets,

just to mention a few. By definition, a spread option is an option written on the difference

of two financial variables. For example, in the fixed-income market a spread option might

be a call option on the difference between interest rates of different maturities.

Pricing spread options with non-zero strikes is typically not amenable to closed form

(analytical) solutions, and the goal of this chapter is to investigate numerical methods for

spread options, building on the innovative approach of Hurd & Zhou (2010), i.e., a direct

extension to multi-asset pricing of the fast Fourier transform (FFT), an approach which

was introduced to finance in the work of Carr & Madan (1999). This method is appli-

cable to models in which the joint characteristic function of the price of the underlying

asset is known explicitly. We shall explore various asset dynamics, driven by Geometric
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Brownian motion (GBM), by a stochastic volatility (SV) model and by the more general

Lévy models. In Lévy models, we focus on Variance Gamma (VG) and Normal Inverse

Gaussian (NIG) driving processes, which are commonly used in market risk applications.

To the best of our knowledge, the first study to apply FFT pricing techniques to cor-

relation options and spread options was Dempster & Hong (2001). In the case for spread

options, Dempster and Hong approximated the exercise region through a combination of

rectangular strips, thereby attempting to account for singularities in the transform vari-

ables. They then applied FFT techniques on a regularised region to derive the upper

and lower bounds for the spread option value. Spread options have an exercise region

with non-linear edge and applying the methodology of Dempster and Hong can be com-

putationally expensive. As an alternative to deriving the analytic approximation of the

2-dimensional exercise region, Hurd & Zhou (2010) proposed a more suitable version of

FFT algorithm for pricing options in two and higher dimensions, which is based on square

integrable integral formulae for the payoff function.

The key idea underpinning the Hurd and Zhou methodology is to perform the Fourier

transform of the spread option payoff, assuming the knowledge of the model (joint) char-

acteristic function, which is finally expressed as a pointwise multiplication of the charac-

teristic function and the complex gamma function. This is essentially a two–dimensional

Fourier transform of a payoff function and in this way, it converges rapidly to the true

value. The advantage of this method is that it does not suffer from the curse of dimen-

sionality. This method has been proven to have O(N2 logN) complexity (in grid size N ),

in comparison to O(N4) of a conventional Fourier transform and hence it is understood

to be the most efficient method in the literature for spread option valuation. We will con-

sider this method both in equity and in fixed-income markets. In each case, the method

is compared to Monte Carlo simulation and the lower bound approximation method of

Caldana & Fusai (2013).
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The first contribution of this paper is the derivation of a two-dimensional version of

Parseval’s Identity of the Mellin transform, and showing that the method of Hurd & Zhou

(2010) is essentially an application of this identity. Secondly, we document how to rec-

oncile a (much faster) FFT implementation in C++ using the Fastest Fourier Transform in

the West (FFTW) library with results obtained using the popular MATLAB ifft2 routine.

Thirdly, we provide additional application examples, both in terms of driving dynamics

(specifically, stochastic volatility on the one hand and normal inverse Gaussian on the

other hand) and in terms of markets (considering options on spreads between interest

rates in different currencies, and between LIBOR and OIS).

The rest of the chapter is organised as follows. Section 4.2 describes the spread option

pricing problem. Section 4.3 is devoted to a discussion of Fourier Transform techniques

in both one and two dimensions. For the reader’s convenience, we give an overview of the

Carr & Madan (1999) FFT method of derivative pricing. In that section, we also look at

Parseval’s Identity1 in one dimension and prove its validity in the two dimensional case.

Section 4.4 discusses different pricing models in terms of their joint characteristic func-

tions, setting up the modelling context for the spread option pricing case studies in the

subsequent sections. In Section 4.5, we price spread option in the equity market, pre-

senting numerical pricing results under different modeling assumptions and a sensitivity

analysis with respect to volatility. An implementation example for spread options in the

fixed-income market follows in Section 4.6. There we consider two examples, the first

being a spread option between two LIBORs belonging to different currencies, and the

second being an option on the LIBOR-OIS spread. Section 4.7 concludes.

4.2 The pricing problem

Fix the real-time horizon T and consider a probability space
(
Ω,F ,P, (Ft)t<T<T

)
defined in the usual sense.

1Sometimes called the Plancherel–Parseval’s Identity
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Consider an European spread option between price processes S1 = {S1(t)}0≤t≤T and

S2 = {S2(t)}0≤t≤T with maturity time T and exercise price K. The payoff is given by

ST (S1, S2, K) = max{S1(T )− S2(T )−K, 0}, (4.2.1)

and under a risk-neutral measure2 Q its value at time t is given by

St(S1, S2, K) = e−r(T−t)EQ [(S1(T )− S2(T )−K)+
∣∣Ft] . (4.2.2)

If the logarithmic return for individual assets is assumed to be normally distributed (as an

example), the log return distribution of the difference is not known. This makes the pricing

problem not amenable to closed form solutions if the strike K is non-zero. Dempster &

Hong (2001) similarly pointed out that the main obstacle to a “clean” pricing methodology

lies in the lack of knowledge about the distribution of the difference between two non-

trivially correlated stochastic processes. Thus one must resort to numerical methods such

as Monte Carlo or other numerical integration methods. Under the classical assumptions

of Black & Scholes (1973), Kirk (1995) derived an approximation formula for spread

options which is widely applied in practice but not as accurate as desired.

Departing from log-normality assumptions typically exacerbates the difficulty of the

problem. Although the Monte Carlo method is always an alternative solution for many

problems, it is computationally expensive. Other numerical methods (e.g. finite difference

methods) tend to suffer from the curse of dimensionality. The method which is widely

seen to be effective in this context is the fast Fourier transform (FFT), as introduced to

option pricing by Carr & Madan (1999). The key prerequisite for the application of this

method is the knowledge of the characteristic function of the asset return. Eberlein et al.

(2010) discuss further technical conditions and provide a number of application examples.

2Specifically: Under the risk–neutral measure associated with taking the continuously compounded
savings account as the numeraire, and (for expositional simplicity) assuming a constant interest rate r.



142

For the multi-asset case, the first Fourier Transform implementation is due to Dempster

& Hong (2001). This was subsequently extended by Hurd & Zhou (2010) in order to

improve computational efficiency, and this forms the starting point for our approach.

4.3 Fourier Transform method

In this section, the concept of Fourier transform is reviewed.

Definition 2 (Fourier Transform). Let f : R → R be a piecewise continuous function

such that f ∈ L1(R) ∩ L2(R)3. The Fourier transform of f is defined as follows:

F [f ](u) := f̂(u) :=

∫ ∞
−∞

eiuxf(x)dx, i =
√
−1, and ∀u ∈ R. (4.3.1)

The inverse of a Fourier transform is given by the Fourier inversion formula:

F−1[f̂ ](x) =
1

2π

∫ ∞
−∞

e−iuxf̂(x)dx. (4.3.2)

In option pricing theory, an interesting case is when f is the Lebesgue density function

of a particular probability distribution. In that case, the Fourier transform of f boils down

to the characteristic function of that distribution, i.e.

F [f ](u) := Φ(u),

which often simplifies the pricing problems, as in many cases it is much more tractable

to work with characteristic functions instead of distribution functions. Moreover, one is

able to recover the distribution function from the characteristic function via the Fourier

inversion formula (4.3.2).

3A space of absolutely and square integrable functions
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The complex conjugate of a Fourier transform function (real-valued) is defined by

f̂(u) = f̂(−u).

The relation in Definition 2 can be generalized by considering a, b ∈ R such that

a < b: Define a strip

Z = {u ∈ C : a < Im{u} < b},

to extend the domain for the transform variable u to the complex plane. Then Definition

2 can be extended to the entire complex plane:

F [f ](u) := f̂(u) :=

∫ ∞
−∞

eiuxf(x)dx, u ∈ Z. (4.3.3)

A useful result for option pricing using Fourier transform techniques is Parseval’s Identity,

first applied (in the one-dimensional case) by Lewis (2001).

Theorem 6 (Parseval’s Identity in one dimension). Let f, g ∈ L2, then

∫ ∞
−∞

f(s)g(s)ds =
1

2π

∫ ∞
−∞

f̂(u)ĝ(u)du

=
1

2π

∫ ∞
−∞

f̂(ur + iui)ĝ(ur + iui)dur,

where special care needs to be taken to make sure the integrand, i.e., the product of

functions f and g, is either continuous, or at most discontinuous at only countably many

points ={u} = ui
4.

To see the application of this theorem to option pricing, let q be the underlying density

function of the probability distribution of log asset price and P be the option payoff at

4With notation ui = ={u} and ur = <{u}.
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maturity time T , then the time t = 0 value of the option is given by

V0 = e−rTE[P (T ) | F0] = e−rT
∫ ∞
−∞

P (s)q(s)ds

=
e−rT

2π

∫ ∞
−∞

P̂ (u)q̂(−u)du

=
e−rT

2π

∫ ∞
−∞

P̂ (u)Φ(−u)du.

4.3.1 Fast Fourier transform in one dimension

This section reviews the method of Carr & Madan (1999), who transform the call

option payoff with respect to the log-asset price to make it amenable to the application of

FFT techniques.

LetN = 2m for somem ∈ Z+. N needs to be a power of 2 because the FFT procedure

splits the problem recursively into two halves. Now define an N vector of real numbers

h = (h0, h1, · · · , hN−1). Then the discrete Fourier Transform of h is another N -vector

given by

ĥn =
N−1∑
j=0

αjnhj,

and the inverse discrete Fourier transform is given by

F−1[ĥ]j =
1

N

N−1∑
n=0

αnj ĥn := hj,

where

αjn = ei 2π
N
jn

are elements in an N ×N matrix.

The computation of ĥ requires N2 multiplications and N2 − N additions. However,

the fast Fourier technique only need 1
2
N log2N operations, which means that the speed is

tremendously increased, see also Carr & Madan (1999).
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Consider a European call with the maturity time T and the strike price K, which is

written on a stock whose price process is St, i.e, the payoff expressed in term of log strike

price is given by

P (k) = max{ex − ek, 0} where x = logS(T ), and k = logK. (4.3.4)

The price of this call option is then given by

V(k) = e−rTE[P (k)] = e−rT
∫ ∞
k

(ex − ek)qT (x)dx, (4.3.5)

where qT is the risk-neutral density of log asset price at time T .

As the strike goes to zero, a position in the call option on the (non-dividend–paying)

asset becomes equivalent to holding the asset itself, so

e−rT lim
k→−∞

∫ ∞
k

(ex − ek)qT (x)dx→ S0,

This means that V 6∈ L2 (see Carr & Madan (1999)) and Fourier transform techniques

or the Parseval’s Identity are not applicable in this case. To avoid this problem, Carr &

Madan (1999) chose α > 0, a dampening factor to enforce integrability, modifying the

call price function to

Ṽ(k, α) = eαkV(k). (4.3.6)

Taking the Fourier transform of the modified call function gives

F [Ṽ(k, α)](u) =

∫ ∞
−∞

eiukṼ(k, α)dk =

∫ ∞
−∞

e(iu+α)kV(k)dk

= e−rT
∫ ∞
−∞

qT (s)ds

∫ s

−∞
eiuk(es+αk − e(1+α)k)qT (s)dk

=
e−rTΦ(u− i(α + 1))

α2 + α− u2 + iu(2α + 1)
.
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Finally, to get the call price function V(k), perform the Fourier inversion, i.e.

V(k) =
1

2π

∫ ∞
−∞

e−(iu+α)kF [Ṽ(k, α)](u)du =
e−αk

2π

∫ ∞
−∞

e−iukF [Ṽ(k, α)](u)du.

To approximate this integral, use the Trapezoidal Rule (or some other rule such Simpson’s

rule) using interval width ∆u to get

V(ki) ≈ ∆u
e−αki

2π

N−1∑
j=0

e−ikiujF [Ṽ(kj, α)](uj), i = 0, 1, · · · , N − 1,

where the grid points are defined by


ki = −1

2
N∆k + i∆k, i = 0, 1, · · · , N − 1,

uj = −1
2
N∆u+ j∆u, j = 0, 1, · · · , N − 1,

and ∆u and ∆k are chosen such that they satisfy the Nyquist criterion:

∆k∆u =
2π

N
. (4.3.7)

Then the above numerical approximation can be expressed as

V(ki) ≈ ∆u
e−αki

2π

N−1∑
j=0

(−1)i+je−i 2π
N
ijF [Ṽ(kj, α)](uj), i = 0, 1, · · · , N − 1, (4.3.8)

4.3.2 Fourier transform in two dimensions

The two dimensional Fourier transform of f(x1, x2) is given by

F{f(x1, x2)}(u1, u2) = f̂(u1, u2) =

∫ ∞
−∞

∫ ∞
−∞

f(x1, x2)e−i(u1x1+u2x2)dx1dx2, (4.3.9)
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and the corresponding inversion formula is given by

F−1{f̂(u1, u2)}(x1, x2) = f(x1, x2) =
1

4π2

∫ ∞
−∞

∫ ∞
−∞

f̂(u1, u2)ei(u1x1+u2x2)du1du2.

(4.3.10)

Theorem 7 (Parseval’s Identity in two dimensions). Suppose f̂(x1, x2) and ĝ(x1, x2) ex-

ist. Then

∫ ∞
−∞

∫ ∞
−∞

f(x1, x2)g(x1, x2)dx1dx2 =
1

4π2

∫ ∞
−∞

∫ ∞
−∞

f̂(u1, u2)ĝ(u1, u2)du1du2.

(4.3.11)

Proof. From the Fubini Theorem, we know that

∫ ∞
−∞

∫ ∞
−∞

f(x1, x2)ĝ(x1, x2)dx1dx2 =

∫ ∞
−∞

∫ ∞
−∞

ĝ(x1, x2)f(x1, x2)dx1dx2.

Since

g(x1, x2) =
1

4π2

∫ ∞
−∞

∫ ∞
−∞

ĝ(u1, u2)ei(u1x1+u2x2)du1du2,

then we have

∫ ∞
−∞

∫ ∞
−∞

f(x1, x2)g(x1, x2)dx1dx2

=
1

4π2

∫ ∞
−∞

∫ ∞
−∞

f(x1, x2)

{∫ ∞
−∞

∫ ∞
−∞

ĝ(u1, u2)e−i(u1x1+u2x2)du1du2

}
dx1dx2

=
1

4π2

∫ ∞
−∞

∫ ∞
−∞

{∫ ∞
−∞

∫ ∞
−∞

f(x1, x2)e−i(u1x1+u2x2)dx1dx2

}
ĝ(u1, u2)du1du2

=
1

4π2

∫ ∞
−∞

∫ ∞
−∞

f̂(u1, u2)ĝ(u1, u2)du1du2.

A more general Fourier–Mellin transform in two dimensions was first derived by

Sharma & Dolas (2016). Parseval’s Identity brings FFT option pricing into a framework
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where the payoff function is expressed explicitly. Though they do not reference Parseval’s

Identity, this is in essence the idea of Hurd & Zhou (2010):

The payoff function in Equation (4.2.1) can be re-written as

ST (S1, S2, K) = K max

{
S1(T )

K
− S2(T )

K
− 1, 0

}
= K max{ex1 − ex2 − 1, 0}.

(4.3.12)

Let X1t = log
(
S1(T )
K

)
and X2t = log

(
S2(T )
K

)
with X10 = x1 and X20 = x2. Define

P (x1, x2) = max{ex1 − ex2 − 1, 0}, (4.3.13)

so that (4.3.12) becomes

ST (S1, S2, K) = KP (x1, x2) := g(x1, x2). (4.3.14)

The 2-dimensional Fourier transform of the payoff function (4.3.13) is given by

g(x1, x2) =
1

4π2

∫ ∞
−∞

∫ ∞
−∞

ĝ(u1, u2)ei(u1x1+u2x2)du1du2 (4.3.15)

=
1

4π2

Γ((ε1 + ix1) + (ε2 + ix2)− 1)Γ(−(ε2 + ix2))

K(ε1+ix1)+(ε2+ix2)Γ((ε1 + ix1) + 1)
, (4.3.16)

for some ε2 > 0 and ε1 + ε2 < −1 and [ε1 + ix1, ε2 + ix2] ∈ ZW , a strip in the complex

z-plane. Γ(z) is the complex gamma function defined by the integral

Γ(z) =

∫
R+

e−ttz−1dt, Re(z) > 0,

and the two-dimensional strip Z2 := {(u1, u2) ∈ Z×Z}, where Z is defined as in Equation

(4.3.3).
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The joint characteristic function of X1t and X2t is given by

ϕ(u1, u2) = E
[
eiu1X1T+iu2X2T

]
= eiu1x1+ix2u2Φ(u1, u2), (4.3.17)

where Φ(u1, u2) is the joint characteristic function forX1T − x1 and X2T − x2.

Suppose qT (x1, x2) is the joint density of the log-asset prices. Then spread option

value is given by

V0 = e−rTEQ [(ex1 − ex2 −K)+] (4.3.18)

= e−rT
∫ ∞
−∞

∫ ∞
−∞

qT (x1, x2)g(x1, x2)dx1dx2 (4.3.19)

In order to deal with convergence problems we can also allow the variable in the Fourier

transform to be a complex number. Thus if we integrate along a some strip ZX in the

complex plane parallel to the real axis and having constant positive imaginary part, i.e.

in strip ZW , the integrand above will have a damping factor which may help to integrate

legally. Therefore, we have the following corollary:

Corollary 1. Let u1 = ε1 + iz1 and u2 = ε2 + iz2. Then, by Parseval’s Identity, (4.3.19)

becomes

∫ ∞
−∞

∫ ∞
−∞

qT (x1, x2)g(x1, x2)dx1dx2 =
1

4π2

∫ ∞
−∞

∫ ∞
−∞

q̂T (u1, u2)ĝ(u1, u2)du1du2

(4.3.20)

=
1

4π2

∫ ∞
−∞

∫ ∞
−∞

q̂T (−u1,−u2)ĝ(u1, u2)du1du2

=
1

4π2

∫ ∞
−∞

∫ ∞
−∞

Φ(−u1,−u2)ĝ(u1, u2)du1du2

where Φ(−u1,−u2) will only exist if u1, u2 ∈ Z∗X , the reflection of ZX on real axis. In

fact we need to ensure that u1, u2 ∈ Z∗X ∩ ZW , see also Lewis (2001), p. 12.

This two-dimensional Fourier inversion integral can be well approximated (numer-
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Algorithm 1: FFT algorithm for Spread Option pricing along the lines of Hurd
and Zhou (2010)
1 2-D FFT (N, u, ε);

Input : N, a power of two; u, truncation width; ε, damping factor.
Define : u(k) = (u1(k1), u2(k2)) and x(l) = (x1(l1), x2(l2))

2 Set X0 =
[
log
(
S1

K

)
, log

(
S2

K

)]
∈ x(l)

3 forall k, l ∈ {1, · · · , N − 1}2 do
4 H(k) = (−1)k1+k2Φ(u(k) + iε)P̂ (u(k) + iε);

5 C(l) = (−1)l1+l2e−rT
(
ηN
2π

)2
e−εx(l)′;

6 end
7 V = Re(C × ifft2(H)) /* with O (N2 logN) complexity*/
99 P ← K × V /* using an efficient interpolation technique*/;

Output: P

ically) by two-dimensional fast Fourier transform. This approach does not require the

approximation of the exercise region by the use of rectangular strips,5 which is computa-

tionally intensive. Thus this method is more efficient.

Now compute this double sum over the lattice (given N and u):


u(k) =: (u1(k1), u2(k2)) = {

(
−1

2
Nη + iηk1,−1

2
Nη + iηk2

)
|k1, k2 = 0, 1, · · · , N − 1}

x(l) =: (x1(l1), x2(l2)) = {
(
−1

2
Nη∗ + iη∗l1,−1

2
Nη∗ + iη∗l2

)
|l1, l2 = 0, 1, · · · , N − 1},

where the lattice spacing η is given by η = 2u
N

and the reciprocal lattice for real-spacing

η∗ satisfies the Nyquist criterion, i.e. η∗ = 2π
Nη

= π
u

.

Choose X0 = (X10, X20) in a such a way that it falls on a real-grid spacing, i.e.

5as proposed by Dempster & Hong (2001)
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X0 ∈ x, so (4.3.20) can be numerically approximated follows:

Vt(x1, x2) ≈ e−r(T−t)

4π2

N1∑
k1=0

N1∑
k1=0

ei(u(k)+iε)x(l)′P̂ (u(k) + iε)Φ(u(k) + iε)

=
e−r(T−t)

4π2
e−εx(l)′

N1∑
k1=0

N1∑
k1=0

eiu(k)x(l)′P̂ (u(k) + iε)Φ(u(k) + iε)

= (−1)l1+l2e−r(T−t)
(
ηN

4π2

)2

e−εx(l)′

·

[
1

N2

N1∑
k1=0

N1∑
k1=0

(−1)k1+k2e2πikl′/N P̂ (u(k) + iε)Φ(u(k) + iε)

]

= (−1)l1+l2e−r(T−t)
(
ηN

4π2

)2

e−εx(l)′ [ifft2(H)] (l),

(4.3.21)

where

H(k) = (−1)k1+k2P̂ (u(k) + iε)Φ(u(k) + iε),

and (again) the third equality in (4.3.21) holds because of the Nyquist criterion. Set

k = (k1, k2), l = (l1, l2) and ε = (ε1, ε2), denote by v′ the transpose of the vector v.

Abbreviate by ifft2 the two-dimensional inverse Fourier transform (e.g. as implemented in

the epynomous MATLAB function). The FFT option pricing method can be summarised

as in Algorithm 1.

4.4 Pricing models

Since the focus is to price spread options using the Fourier transform method, we

consider pricing models in terms of the characteristic functions of the underlying log

asset price distributions.

In our application examples we will consider the four models listed in Table 4.1:
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Driving model Φ(u;T )

GBM exp

(
iu
(
rTe− σ2T

2

)′
− uΣu′T

2

)
3-SV exp

((
2ζ(1−e−θT )

2θ−(θ−γ)(1−e−θT )

)
ν0 + iu(re− δ)′T − κµ

σ2
ν
Γ
)

VG
(

1
1−iu1θ1ν−iu2θ2ν+νu′Σu/2

)T
ν

NIG exp
(

iu′µT + δT
[√

α2 − β∆β′ −
√
α2 − (β + iu)∆(β + iu)′

])
Table 4.1 : Characteristic functions for the underlying models

(a) GBM denotes a two–factor geometric Brownian motion model of asset prices with

e = [1, 1], Σ =

 σ2
1 σ1σ2ρ

σ1σ2ρ σ2
2

 , and σ2 = diag(Σ).

(b) SV denotes the GBM model extended by a third, stochastic volatility factor as in

Dempster & Hong (2001), with



Γ :=
[
2 log

(
2θ−(θ−γ)(1−e−θT )

2θ

)
+ (θ − γ)T

]
ζ := −1

2
[(σ2

1u
2
1 + σ2

2u
2
2 + 2ρσ1σ2u1u2) + i(σ2

1u1 + σ2
2u2)]

γ := κ− i(ρ1σ1u1 + ρ2σ2u2)σν

θ :=
√
γ2 − 2σ2

νζ

(c) VG denotes a variance gamma model. This form of a characteristic function is a

special case of the one given in Hurd & Zhou (2010), where α = 1. By ′, we mean

a transpose of a vector, and Σ is defined as in the GBM case.

(d) NIG denotes a normal inverse Gaussian model along the lines of Eberlein et al.

(2010), who apply this model to price options on the minimum/maximum. The

structural matrix ∆ is assumed to be a positive semidefinite symmetric matrix with
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(a) ifft2: Matlab function (b) FFTW library (backward): C++

Figure 4.1 : FFT coefficients output comparison

unity determinant Det(∆) = 1. This matrix is decisive in controlling the degree

of correlations between the components of asset price processes. In our case we

consider an identity matrix, see also the paper by Eberlein et al. (2010).

4.5 Spread options in equity market

4.5.1 Numerical results

This section provides numerical results for all the models under consideration. To

take a full advantage of computational speed, all numerical experiments are coded in C++.

All code was run on a Dell Intel(R) Core(TM) i5 - 3.30GHz and with 16 GB memory.

To compute the double discrete Fourier transform, we used the FFTW library (see Frigo

& Johnson (2010)). Compared to Matlab, to use two–dimensional inverse FFT in the

FFTW library (the FFTW-backward method) in C++ is non-trivial. We found that in order

to obtain results consistent with the Matlab ifft2 function using FFTW, one has to scale

the FFTW output by the size of the grid, a feature which is not mentioned in the FFTW
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documentation (e.g. Frigo & Johnson (2010)).

The standard FFT procedures for option pricing of Carr & Madan (1999) involve

a negative exponent, i.e. e−i 2π
N
ij , and hence one would use FFTW-forward. However,

in the Hurd & Zhou (2010) set-up there is a positive sign in the exponent e2πikl′/N and

this implies the use of FFTW-backward. As depicted in Figure 4.1, to reconcile these

differences, we point out here that the output of FFTW backward must always be scaled

in order to get the same output as for Matlab built-in function ifft2.

Below, we show a snapshot of how to set up two-dimensional FFT using the FFTW

library:

% MATLAB
% We use t h e n o t a t i o n s as d e f i n e d above
% Phi r e p r e s e n t s t h e j o i n t c h a r a c t e r i s t i c f u n c t i o n
% P_ha t r e p r e s e n t s t h e F o u r i e r t r a n s f o r m of t h e p a y o f f

↪→ f u n c t i o n i n t e r m s of t h e complex Gamma f u n c t i o n

H= z e r o s (N,N) ;
C= z e r o s (N,N) ;
f o r i =0 :N−1

f o r j =0 :N−1
H( i +1 , j +1) =(−1) ^ ( i + j ) ∗Phi ( [ u1 ( i ) +1 i ∗ e1 u2 ( j ) +1 i ∗ e2 ] ) ∗

↪→ P_ha t ( [ u1 ( i ) +1 i ∗ e1 u2 ( j ) +1 i ∗ e2 ] ) ;
C( i +1 , j +1) =(−1) ^ ( i + j ) ∗ exp(−e1∗x1 ( i +1)−e2∗x2 ( j +1) ) ∗ ( ( e t a

↪→ ∗N/ ( 2 ∗ p i ) ) ^2 ) ;
end

end
V= r e a l (C . ∗ i f f t 2 (H) ) ; % P r i c e Ma t r i x

/ / I n C++
f f tw_complex ∗ out , ∗ i n ;
f f t w _ p l a n p ; / / V a r i a b l e t o s t o r e FFT Plan

/ / A l l o c a t e memory f o r FFT v a r i a b l e s ; t h e i n p u t and o u t p u t
↪→ a r r a y s

i n = ( f f tw_complex ∗ ) f f t w _ m a l l o c ( s i z e o f ( f f tw_complex
↪→ ) ∗ nd ) ; / / where nd :=N x N

o u t = ( f f tw_complex ∗ ) f f t w _ m a l l o c ( s i z e o f (
↪→ f f tw_complex ) ∗ nd ) ;

/ / c r e a t i n g a p lan : i . e i f f t 2
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p = f f t w _ p l a n _ d f t _ 2 d (N, N, in , out , FFTW_BACKWARD,
↪→ FFTW_MEASURE) ;

/ / comput ing t h e a c t u a l t r a n s f o r m s
f f t w _ e x e c u t e ( p ) ; / / i f f t 2 o u t [ i ] [ j ]

v e c t o r <double > V( nd ) ; / / V e c t o r c o n t a i n i n g p r i c e s
v e c t o r <double > C( nd ) ; / /

f o r ( i n t i = 0 ; i < N; i ++) {
f o r ( i n t j = 0 ; j < N; j ++) {

C[ i ∗N + j ] = pow(−1 , i + j ) ∗pow ( ( e t a ∗N / (2 ∗
↪→ p i ) ) , 2 ) ∗ exp(−e1∗x1 [ i ] − e2∗x2 [ j ] ) ;

V[ i ∗N + j ] = C[ i ∗N + j ]∗ o u t [ i ∗N + j ] [ 0 ] / nd ;
↪→ / / Note : t h e s c a l i n g here by nd

}
}

4.5.2 Model parameters

All our results for FFT performance are benchmarked against Monte Carlo with 10000000

simulations using 1000 time steps, and we also provide the 95% level Monte Carlo confi-

dence interval for the spread option value V given by:

(
V− z1−α

2

s√
N
,V + z1−α

2

s√
N

)
,

where the quantity s√
N

is the standard error of the Monte Carlo estimate and z1−α
2

is the

quantile from the standard normal distribution corresponding to a (two–sided) confidence

level of α. Additionally, in the case of GBM, SV and VG, we also quote as a benchmark

prices given in Hurd & Zhou (2010).

Table 4.2 shows the parameters common to all models and these inputs are taken from

Hurd & Zhou (2010) paper where d1 and d2 represent the dividend rate for S1 and S2

respectively.
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S1 S2 r T d1 d2

100 96 0.1 1.0 0.05 0.05
Table 4.2 : Common inputs to all models

Strike K Hurd/Zhou result Kirk approx FFT Monte Carlo
Value 95% conf. level

0.4 8.312461 8.30085 8.31318 8.31356 8.29359 8.34012
0.8 8.114994 8.09336 8.11577 8.10179 8.10327 8.14941
1.2 7.92082 7.88952 7.92158 7.91399 7.90194 7.94758
1.6 7.729932 7.68933 7.7308 7.73813 7.72171 7.76697
2 7.542324 7.49278 7.54315 7.55118 7.55824 7.60309
2.4 7.357984 7.29986 7.35878 7.34552 7.32802 7.37229
2.8 7.176902 7.11055 7.1777 7.17983 7.16752 7.21136
3.2 6.999065 6.92485 6.99984 6.99551 6.97241 7.701575
3.6 6.824458 6.74273 6.82531 6.81754 6.81667 6.85962
4 6.653065 6.56417 6.65374 6.64457 6.61088 6.65325

Table 4.3 : GBM parameters: σ1 = 0.2, σ2 = 0.1, ρ = 0.5

4.5.3 GBM model

Table 4.3 shows the results for GBM model with additional inputs ρ, σ1 and σ2 and

again these inputs are taken from Hurd & Zhou (2010). As can be seen from this table, the

FFT result lies within the Monte Carlo confidence bounds, unlike Kirk’s approximation.

4.5.4 3-Stochastic volatility model

The results for SV model are presented in Table 4.4. Again, our results are consistent

with Hurd & Zhou (2010) and lie within (or very close to) the Monte Carlo confidence

bounds.

4.5.5 Variance Gamma model

In Tables 4.5 and 4.6, we show the result under VG model. Table 4.6 show the results

for the special case of a 2-dimensional Variance Gamma model given in Hurd & Zhou

(2010) (as mentioned above, we set α = 1 to allow maximum dependence between the
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Strike K Hurd/Zhou result FFT Monte Carlo
value 95% conf. level

2 7.548502 7.54934 7.52391 7.51777 7.56067
2.2 7.453536 7.45438 7.50048 7.42498 7.46758
2.4 7.359381 7.36014 7.32819 7.36815 7.41071
2.6 7.266037 7.26679 7.21304 7.2505 7.29275
2.8 7.173501 7.1743 7.20518 7.1452 7.18715

3 7.081775 7.08266 7.12544 7.07343 7.11519
3.2 6.990857 6.99168 7.03087 6.95522 6.99667
3.4 6.900745 6.90135 6.90931 6.88184 6.92307
3.6 6.81144 6.81218 6.81998 6.78234 6.82333
3.8 6.722939 6.72382 6.74597 6.71553 6.75641

Table 4.4 : SV results: σ1 = 1.0, σ2 = 0.5, σν = 0.05, ν0 = 0.04
κ = 1.0, µ = 0.04, ρ = 0.5, ρ1 = −0.5, ρ2 = 0.25

two asset return, keeping their distribution unchanged). We run a Monte Carlo simulation

and to compare FFT prices. For Table 4.5, the parameters for Table 4.5 are taken from

Chapter 4, p.190 of the book by Kienitz & Wetterau (2012). Furthermore, in Table 4.6,

we considered the VG characteristic representation given in Hurd & Zhou (2010) and

compare FFT values to the given benchmark values.

4.5.6 Normal inverse Gaussian model

The results for NIG models are given in Table 4.7. We chose a symmetric centered

NIG (µ1 = 0, µ2 = 0 and ∆ = I). Figure 4.2 plots the deviation of the FFT price outside

the 95% confidence interval of Monte Carlo prices. Deviations outside the Monte Carlo

confidence bounds are within what could be expected due to random variation (One case

out of ten in this instance). As a benchmark (labelled “Integration”) we have used the

method of Caldana & Fusai (2013) in this case.

The overall results for all models are presented in Table 4.8.
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Strike K FFT Monte Carlo
value 95% conf. level

2 31.2167 31.2252 31.1693 31.281
2.2 31.0922 31.0913 31.0355 31.147
2.4 30.9677 30.9803 30.9247 31.0359
2.6 30.8435 30.8894 30.8339 30.9449
2.8 30.7194 30.7165 30.6612 30.7718

3 30.5954 30.6253 30.57 30.6806
3.2 30.4716 30.4617 30.4066 30.5168
3.4 30.348 30.259 30.2041 30.314
3.6 30.2245 30.2296 30.1747 30.2845
3.8 30.1011 30.0902 30.0355 30.1449

Table 4.5 : VG results: θ1 = −0.6094, θ2 = −0.8301, σ1 = 0.0325
σ2 = 0.9406, ν = 0.2570, ρ = 0.5

Strike K FFT Hurd/Zhou result Error
2 9.72793 9.727458 -4.72E-04

2.2 9.63048 9.630005 -4.75E-04
2.4 9.53366 9.533199 -4.61E-04
2.6 9.43751 9.43704 -4.70E-04
2.8 9.34199 9.341527 -4.63E-04

3 9.24714 9.246662 -4.78E-04
3.2 9.1529 9.152445 -4.55E-04
3.4 9.05929 9.058875 -4.15E-04
3.6 8.96646 8.965954 -5.06E-04
3.8 8.87415 8.873681 -4.69E-04

4 8.78246 8.782057 -4.03E-04
Table 4.6 : VG result2: ap = 20.4499, an = 24.4499, α = 0.4, λ = 10

4.5.7 The effect of N , u and (ε1, ε2)

The main advantage of FFT is that one obtains a sufficiently good numerical price

approximation within little time. In the following, we analyse the sensitivity due to the

truncation and discretization parameters under the NIG model (all other models under

consideration were analysed in this respect by Hurd & Zhou (2010)). Again, we compute

10 options with different strike prices and then we calculate the sum of the squared errors.

Note that Hurd and Zhou varied assets prices processes S1 and S2 in this analysis because
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Strike K FFT Integration Monte Carlo
value 95% conf. level

2 9.49266 9.49119 9.48459 9.45828 9.51052
2.2 9.38858 9.38720 9.403 9.37675 9.42925
2.4 9.28489 9.28392 9.28919 9.26305 9.31533
2.6 9.18231 9.18136 9.18328 9.15721 9.20935
2.8 9.08077 9.07952 9.07361 9.0477 9.09952

3 8.98013 8.97840 8.99533 8.96951 9.02116
3.2 8.87969 8.87800 8.87543 8.84968 8.90118
3.4 8.77912 8.77834 8.77178 8.74624 8.79733
3.6 8.68022 8.67940 8.67697 8.65143 8.70251
3.8 8.58309 8.58119 8.55386 8.52848 8.57925

Table 4.7 : NIG results: µ1 = 0, µ2 = 0, α = 6.20, δ = 0.150
β1 = −3.80, β2 = −2.50, ρ = 0

Strike K
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(a) GBM model
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(b) NIG model

Figure 4.2 : FFT prices deviation from the 95% level Monte Carlo confidence interval.

K = 1. In our case, we fixed all parameters given above, and consideredK = 40−j, j =

0, · · · 9. To get the benchmark values, we run 10000000 Monte Carlo simulations with

1000 time steps. Results are presented in Table 4.9 and in Figure 4.3. Already, with

a tight integration range, we get a sufficiently small error even with relatively small N .

Figure 4.3 shows the effect of changing integration truncation width and the number of

grid points. Increasing N narrows the grid spacing thereby lowering the truncation error,

while a larger integration range [−u, u] results in truncation difficulties and hence pure
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Overall results

FFT Monte Carlo
ū Grid size (N) Simulation Time steps
40 256 1000000 250

Method\Model GBM SV VG NIG
FFT Time (s) 0.001 0.002 0.001 0.001

Monte Carlo Time (s) 254.392 390.006 445.113 443.162
Table 4.8 : Summary for models results

N\u 20 40 60 80 100 160
64 0.000863 0.217084 6.780534 39.9114

128 0.001038 0.000105 0.00603 0.217393
256 0.001037 0.00017 0.000159 9.84E-05 0.000167 0.217411999
512 0.001037 0.00017 0.000162 0.000161 0.00016 9.79934E-05

1024 0.001037 0.00017 0.000162 0.000161 0.00016 0.000159978
2048 0.001037 0.00017 0.000162 0.000161 0.00016 0.000159981

Table 4.9 : Sum of the squared errors for 10 Spread options under NIG model by changing
N and u

discretization errors ( marked red) increase.
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Figure 4.3 : FFT errors for NIG as u and N are varied.

Table 4.10 and Figure 4.4 show the model sensitivity to the choice of ε1 and ε2 which

serves to ensure integrability. As noted by Hurd & Zhou (2010), the GBM and SV models

are not very sensitive to the choices of the damping parameters. The VG model is however
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ε2\ε1 -4.4 -4.2 -4 -3.8 -3.6 -3.4 -3.2 -3
0.2 2.808423 2.79587 2.789595 2.786387 2.784967 2.784178 2.783868 2.783596
0.4 0.001169 0.001161 0.001158 0.001156 0.001155 0.001154 0.001154 0.001154
0.6 0.000154 0.000154 0.000154 0.000154 0.000154 0.000154 0.000154 0.000154
0.8 0.000151 0.000151 0.000151 0.000151 0.000151 0.000151 0.000151 0.000151
1 0.000151 0.000151 0.000151 0.000151 0.000151 0.000151 0.000151 0.000151

1.2 0.000151 0.000151 0.000151 0.000151 0.000151 0.000151 0.000151 0.000151
1.4 0.000151 0.000151 0.000151 0.000151 0.000151 0.000151 0.000151 0.000151
1.6 0.000151 0.000151 0.000151 0.000151 0.000151 0.000151 0.000151 0.000179

Table 4.10 : NIG model: sum of the squared errors, computed for 10 options by changing
damping parameters ε1 and ε2.

sensitive to ε1 and ε2, and hence these must be chosen carefully.

In the NIG model, one can observe that although ε2 > 0 and ε1 + ε2 < −1 we still

have higher truncation error in case when ε2 = 0.2. In this case, NIG is only sensitive to

ε2. With our initial choice of (−3, 1), we obtain reasonable results.
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Figure 4.4 : FFT errors for NIG model: Sensitivity to damping parameters (ε1, ε2), where
the error is the sum of the square errors on ten options and it is calculated by Error =
1
10

∑9
i=0,j=0

[
(FFT priceij −Monte Carlo priceij)

2
]

4.5.8 Volatility sensitivity

Volatility is one of the important model parameters and therefore we proceed to illus-

trate its impact on prices calculated using the FFT approach in the GBM and VG models.

We also compute the derivative with respect to these parameters, i.e. vega.

Figure 4.5 shows the change is spread option value with respect to the change in σ1

and σ2. In the GBM model, lower values of σ1 (keeping σ2 fixed) give lower values for

the option premium. In VG model, the result is counterintuitive, σ1 does not seems to

play a big role here. Keeping σ2 fixed, and varying σ1 results in a smile–like shape.



163

0.05 0.1 0.15 0.2 0.25 0.3 0.35 0.4

6

7

8

9

10

11

12

13

∆ σ

S
pr

ea
d 

op
tio

n 
pr

ic
e

 

 

σ
1

σ
2

(a) The GBM model

0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9

10

15

20

25

30

∆ σ

S
pr

ea
d 

op
tio

n 
pr

ic
e

 

 

σ
1

σ
2
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Figure 4.5 : Spread option price sensitivity to the change in σ1 and σ2

Formally, the sensitivity with respect to sigma parameter is given by:

∂V
∂σ−

= (−1)l1+l2e−r(T−t)
(
ηN

4π2

)2

e−εx(l)′
[

ifft2
(
∂H

∂σ−

)]
(l),

where ∂
∂σ−

means a partial derivative with respect to either σ1 or σ2.

In the GBM case,

∂H

∂σ−
= (−1)k1+k2P̂ (u(k) + iε)

∂

∂σ−
Φ(u(k) + iε)

=

(
−T

2
i(u(k) + iε)

∂

∂σ−
σ2 − T

2
(u(k) + iε)

∂Σ

∂σ−
(u(k) + iε)′

)
· (−1)k1+k2P̂ (u(k) + iε)Φ(u(k) + iε)

= −T
2

(u(k) + iε)

(
i
∂σ2

∂σ−
+

∂Σ

∂σ−
(u(k) + iε)′

)
H(l).

(4.5.1)

In the VG model case, notice that the risk-neutral characteristic function is given by

(see also Luciano & Schoutens (2006)),

Φ(u1, u2) = exp (iu1m1T + im2T ) (1− iu1θ1ν − iu2θ2ν + νu′Σu/2)
−T
ν ,
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where

m1 = r − d1 +W1 and m2 = r − d2 +W2,

and the martingale corrections are given by

W1 = log(1− θ1ν −
1

2
σ2

1ν)/ν and W2 = log(1− θ2ν −
1

2
σ2

2ν)/ν.

As seen from GBM calculation for ∂V
∂σ−

, we simply have to find ∂Φ
∂σ−

. For example, the

partial derivative with respect to σ1 is given by the product rule of differentiation:

∂Φ

∂σ1

= iu1T
∂m1

∂σ1

exp (iu1m1T + im2T ) (1− iu1θ1ν − iu2θ2ν + νu′Σu/2)
−T
ν

+

(
−T
ν

)
exp (iu1m1T + im2T ) (1− iu1θ1ν − iu2θ2ν + νu′Σu/2)

−T
ν
−1

×ν
2
u′
∂Σ

∂σ1

u.

(4.5.2)

Note, where u is not specified, it means a vector consisting of u1 and u2. Finally, vega

calculation for VG model is then straight forward by letting u1 = u1 + iε1, u2 = u2 + iε2

and also note that

∂Σ

∂σ1

=

2σ1 σ2ρ

σ2ρ 0

 , and
∂σ2

∂σ1

=

2σ1

0

 .

Figures 4.6 and 4.7 show the plot for vegas across different strikes for GBM and VG

mode respectively. GBM has higher vega for σ1 (as expected from Figure 4.5) while VG

has higher vegas for σ2.
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Figure 4.6 : Vega under the GBM model
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Figure 4.7 : Vega under the VG model

4.6 Spread options in the fixed-income markets

In this section, we apply the Hurd & Zhou (2010) apparatus to spread options in fixed

income markets. We compare our results to the lower bound formula for spread options

by Caldana & Fusai (2013).

We consider two examples. The first one is pricing a spread option on two LIBORs

based on different currencies, domestic and foreign currency. In the second example we

consider the LIBOR formula in the presence of roll–over risk developed in Chapter 2.
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Here we explore the case where the LIBOR–OIS spread is driven solely by renewal risk,6

proceeding to price an option on this spread.

4.6.1 Currency spread options

Consider a spread option on two LIBORs in different currencies using the two-dimensional

FFT pricing method, under a multicurrency lognormal LIBOR Market Model along the

lines of Schlögl (2002). We follow the notation of Brigo & Mercurio (2006) (see p. 633–

637 therein). Brigo & Mercurio (2006) also provide an approximate analytical formula

for this option (see also Mercurio (2002)), which we will use as a comparison.

Assume that we are given a domestic market and a foreign market. Suppose that the

term structures of discount factors that are observed in the domestic and foreign markets

at time t are respectively given by T 7→ P (t, T ) and T 7→ P f (t, T ) for T ≥ t, where

P (t, T ) is the price at time t of a zero coupon bond maturing at time T . Consider the

future times Ti−1 and Ti, i = 1, · · · , N . The domestic and foreign forward rates at time t

for the interval [Ti−1, Ti] are, respectively,

Fi(t) = F (t;Ti−1, Ti) =
P (t, Ti−1)− P (t, Ti)

δiP (t, Ti)
,

F f
i (t) = F f (t;Ti−1, Ti) =

P f (t, Ti−1)− P f (t, Ti)

δiP f (t, Ti)
.

(4.6.1)

Denoting by FX(t, Ti) the forward exchange rate at time t for maturity Ti,

FX(t, Ti) = X(t)
P f (t, Ti)

P (t, Ti)
,

where X(t) is the spot exchange rate. Assuming constant volatilities, the two forward

6the influence of funding liquidity component set to zero.
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T D(t, T ) D(t, T )f σ σf F (t) F (t)f K
0.25 0.9978 0.9877 0.125 0.137
0.5 0.9896 0.9812 0.13 0.13 0.033145 0.026498 0.006647

0.75 0.9814 0.9747 0.135 0.125 0.033422 0.026675 0.006747
1 0.9732 0.9682 0.14 0.13 0.033703 0.026854 0.006849

1.25 0.965 0.9617 0.145 0.142 0.03399 0.027035 0.006954
1.5 0.9568 0.9552 0.15 0.145 0.034281 0.027219 0.007062

1.75 0.9486 0.9487 0.155 0.123 0.034577 0.027406 0.007171
2 0.9404 0.9422 0.16 0.14 0.034879 0.027595 0.007284

2.25 0.9322 0.9357 0.165 0.145 0.035186 0.027787 0.007399
2.5 0.924 0.9292 0.17 0.148 0.035498 0.027981 0.007517

2.75 0.9158 0.9227 0.175 0.156 0.035816 0.028178 0.007638
3 0.9076 0.9162 0.18 0.162 0.036139 0.028378 0.007761

Table 4.11 : Parameters

rates evolve under the domestic forward measure Qi according to

dFi(t) = σiFi(t)dWi(t),

dF f
i (t) = F f

i (t)[−ρσFXσfi dt+ σfi dW
f
i (t)],

(4.6.2)

where

d[Wi,W
f
i ] = ρdt.

The forward exchange rate dynamics of FX(t, Ti) are given by

dFX(t, Ti) = σFXFX(t, Ti)dWX(t),

where the forward exchange rate volatility σFX is taken as a constant.

Now, consider a spread option on the two LIBOR rates F (Ti−1) and F f (Ti−1, Ti) with

a payoff (in domestic currency)

δi
(
F f (Ti−1)− F (Ti−1)−K

)+
,
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Monte carlo
K HZ FFT Approx.7 Integration Rel Error Low Bound Price Upper bound
0.006647 0.000186 0.00017864 0.000178632 0.039556 0.0001786 0.000179 0.000178912
0.006747 0.000266 0.000264108 0.000264088 0.00779 0.0002640918 0.0002641 0.000264478
0.006849 0.000338 0.000337485 0.000337453 0.002164 0.000337392 0.000338 0.000337984
0.006954 0.000413 0.000412378 0.000412321 0.000706 0.000412303 0.000413 0.000413026
0.007062 0.000493 0.000492884 0.000492777 0.00034 0.000492806 0.000493 0.000493662
0.007171 0.000565 0.000564559 0.000564409 0.000279 0.000564385 0.000565 0.000565369
0.007284 0.00061 0.000610265 0.000610164 0.000173 0.0006102 0.000611 0.000611317
0.007399 0.000693 0.000693254 0.000693051 0.000321 0.000693697 0.000694 0.000694321
0.007517 0.000766 0.000766459 0.000766186 0.000399 0.000766242 0.000767 0.00076763
0.007638 0.000838 0.000837814 0.000837472 0.000452 0.00083768 0.000838 0.000839213
0.007761 0.000917 0.000917185 0.000916709 0.000558 0.000916944 0.000918 0.000918623

Table 4.12 : Spread option prices, σFX = 0.225.

and the no-arbitrage value at time t of the above payoff is given by

St = δiP (t, Ti)EQi
[(
F f (Ti−1)− F (Ti−1)−K

)+
]

= δiKP (t, Ti)EQi
[(
ex

f − ex − 1
)+
]
,

(4.6.3)

where

xf = log

(
F f
i (Ti−1)

K

)
, and x = log

(
Fi(Ti−1)

K

)
.

We can now apply the method of Hurd & Zhou (2010), where the joint characteristic

function of XT =
(
log(Lf (Ti−1), log(L(Ti−1)

)
is of the form eiuX′0Φ(u;Ti), where

Φ(u;Ti) = exp

(
iu

(
MxT −

1

2
σ2T

)′
− 1

2
uΣu′T

)
, (4.6.4)

and

X0 =

log
(
F fi (t)

K

)
log
(
Fi(t)
K

)
 ,Mx =

 −1
2
σi

−ρσFXσfi − 1
2
σfi

 , Σ =

 σ2
i σiσ

f
i ρ

σiσ
f
i ρi (σfi )2

 , and σ2 = diag(Σ).

Numerical example

7“Approx.” denotes prices calculated using pseudo-analytical formula Brigo & Mercurio (2006, p. 635).
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As Table 4.12 shows, except for very short maturities, the FFT method delivers ac-

curate results. For this particular case, however, the approximate analytical solution per-

forms as well or better, especially for short maturities.

4.6.2 LIBOR–OIS spread options

In Chapter 2, we explicitly take into account the risk incurred when borrowing at a

shorter tenor versus lending at a longer tenor (“roll–over risk”), resulting in a frequency

basis arising endogenously in the model. Thus, the model is consistent with the LI-

BOR/OIS spread observed in the market. The roll–over risk consists of two components,

a credit risk component due to the possibility of being downgraded and thus facing a

higher credit spread when attempting to roll over short–term borrowing, and a component

reflecting the possibility of being unable to roll over short–term borrowing at the reference

rate (e.g., LIBOR) due to an absence of liquidity in the market.

Denote by Q the risk–neutral measure associated with taking the continuously com-

pounded savings account as the numeraire. If we ignore funding liquidity risk, then in the

framework of Chapter 2 spot LIBOR observed at time t with maturity T can be expressed

as

L(t, T ) =
1

δ

 1

EQ
t

[
e−

∫ T
t (rc(s)+λ(s)q)ds

] − 1

 (4.6.5)

where rc is the continuously compounded short rate abstraction of the interbank overnight

rate (e.g., Fed funds rate or EONIA). This is equal to the riskless (default-free) contin-

uously compounded short rate r plus a credit spread. λ(s)q is the idiosyncratic credit

spread (i.e., of a particular, fixed obligor) over rc(s), and δ = T − t.

Consider an option on the spread between LIBOR L(Ti−1, Ti) and OIS(Ti−1, Ti), with

the contract strike K. The payoff is given by

δ (L(Ti−1, Ti)− OIS(Ti−1, Ti)−K)+ (4.6.6)
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where the overnight index swap rate (when δ < 1 year) is given by8

OIS(t, T ) =
1

δ

 1

EQ
t

[
e−

∫ T
t rc(s)ds

] − 1

 (4.6.7)

Assuming that the spread option is collateralised to manage counterparty credit risk, with

collateral accruing interest at rc, the price of Equation (4.6.6) at time t ≤ Ti−1 can be

written as

St = EQ
t

[
e−

∫ Ti
t rc(s)dsδ (L(Ti−1, Ti)−OIS(Tj−1, Tj)−K)+

]
(4.6.8)

Denote by DOIS(t, T ) the OIS discount factor, i.e.

DOIS(t, T ) = EQ
t

[
e−

∫ T
t rc(s)ds

]
(4.6.9)

Then, changing to the forward measure QTi with the numeraire DOIS(t, Ti),

St =DOIS(t, Ti)E
QTi
t

[
δ (L(Ti−1, Ti)−OIS(Ti−1, Ti)−K)+]

=DOIS(t, Ti)E
QTi
t


 1

EQ
Ti−1

[
e
−

∫ Ti
Ti−1

(rc(s)+λ(s)q)ds

] − 1

EQ
Ti−1

[
e
−

∫ Ti
Ti−1

(rc(s)ds

] − δK


+

=DOIS(t, Ti)δKEQTi
t


 1

δK

1

EQ
Ti−1

[
e
−

∫ Ti
Ti−1

(rc(s)+λ(s)q)ds

] − 1

δK

1

EQ
Ti−1

[
e
−

∫ Ti
Ti−1

(rc(s)ds

] − 1


+

=DOIS(t, Ti)δKEQTi
t

[(
eX1(Ti−1) − eX2(Ti−1) − 1

)+
]
, (4.6.10)

8For details see e.g. Chapter 2.
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where

eX1(Ti−1) =
1

δK

1

EQ
Ti−1

[
e
−

∫ Ti
Ti−1

(rc(s)+λ(s)q)ds

] . (4.6.11)

eX2(Ti−1) =
1

δK

1

EQ
Ti−1

[
e
−

∫ Ti
Ti−1

rc(s)ds

] . (4.6.12)

As in Chapter 2, we assume that the model is driven by d independent factors yi, i.e.

rc(t) = a0(t) +
d∑
i=1

aiyi(t) (4.6.13)

λ(t) = b0(t) +
d∑
i=1

biyi(t) (4.6.14)

where the yi follow Cox–Ingersoll–Ross (CIR) dynamics9 under the pricing measure, i.e.

dyi(t) = κi(θi − yi(t))dt+ σi
√
yi(t)dWi(t), (4.6.15)

where dWi(t) (i = 1, · · · , d) are independent Wiener processes.

We can now write

eX1(Ti−1) =
1

δK

1

e
−

∫ Tj
Ti−1

(a0(s)+b0(s)q)ds+
∑d
n=1(Φn(Ti−1,Ti,an+bnq,0)+yn(Ti−1)Ψn(Ti−1,Ti,an+bnq,0))

=
1

δK
e
∫ Ti
Ti−1

(a0(s)+b0(s)q)ds−
∑d
n=1 Φn(Ti−1,Ti,an+bnq,0)+yn(Ti−1)Ψn(Ti−1,Ti,an+bnq,0)

=ef1(Ti−1)+
∑d
n=1 yn(Ti−1)g1(n,Ti−1),

9These dynamics were first introduced into interest rate term structure modelling by Cox et al. (1985).



172

where

f1(Ti−1) =− ln(δK) +

∫ Ti

Ti−1

(a0(s) + b0(s)q)ds−
d∑

n=1

Φn(Ti−1, Ti, an + bnq, 0),

(4.6.16)

g1(n, Ti−1) =−Ψn(Ti−1, Ti, an + bnq, 0), (4.6.17)

and

eX2(Ti−1) =
1

δK

1

e
−

∫ Tj
Ti−1

(a0(s)ds+
∑d
n=1(Φn(Ti−1,Ti,an,0)+yn(Ti−1)Ψn(Ti−1,Ti,an,0))

(4.6.18)

=
1

δK
e
∫ Tj
Ti−1

(a0(s))ds+
∑d
n=1(Φn(Ti−1,Ti,an,0)+yn(Ti−1)Ψn(Ti−1,Ti,an,0)) (4.6.19)

=ef2(Ti−1)+
∑d
n=1 yn(Ti−1)g2(n,Ti−1), (4.6.20)

where

f2(Ti−1) =− ln(δK) +

∫ Ti

Ti−1

a0(s)ds−
d∑

n=1

Φn(Ti−1, Ti, an, 0), (4.6.21)

g2(n, Ti−1) =−Ψn(Ti−1, Ti, an, 0). (4.6.22)

Here the deterministic functions Φn,Ψn are defined by

Φn(0, t, µ, α) =− 2θnκn
σ2
n

ln

(
(σ2

nα + κn)(e
√
Ant − 1) +

√
An(e

√
Ant + 1)

2
√
Ane

√
An+κn

2
t

)
, (4.6.23)

Ψn(0, t, µ, α) =
(ακn − 2µ)(e

√
Ant − 1)− α

√
An(e

√
Ant + 1)

(σ2
nα + κn)(e

√
Ant − 1) +

√
An(e

√
Ant + 1)

, (4.6.24)

with An = κ2
n + 2µσ2

n.

In order to apply the argument of Hurd & Zhou (2010), we need to compute the joint

characteristic function of (X1, X2).

Proposition 2. The joint characteristic function of the random vector (X1, X2) defined in
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Model parameters
κ 0.2703
θ 0.0434
σ 0.0272
a 0.2000
b 0.2000
q 0.6000
a0 0.2000
b0 0.2000
y0 0.0551

Table 4.13 : CIR model parameters — one–factor model (d = 1)

(4.6.11), (4.6.12) is given by

EQ
t

[
ei(u1X1(Tj−1)+u2X2(Ti−1))

]
= ei(u1f1(Ti−1)+u2f(Ti−1)EQ

t

[
ei

∑d
n=1 yn(Ti−1)(u1g1(n,Ti−1)+u2g2(n,Ti−1))

]
= ei(u1f1(Ti−1)+u2f(Ti−1)+

∑d
n=1 Φn(t,Ti−1,0,−i(u1g1(n,Ti−1))+u2g2(n,Ti−1)))

· e
∑d
n=1 yn(t)Ψn(t,Ti−1,0,−i(u1g1(n,Ti−1)+u2g2(n,Ti−1)),

where the deterministic functions f1, f2, g1, g2 are defined in Equation (4.6.16)-(4.6.22).

The transform is well defined for all u1, u2 ∈ C and for all n = 1, ..., d.

=[u1g1(n, Ti−1) + u2g2(n, Ti−1)] ≥ −2κn
σ2
n

(4.6.25)

where = denotes the imaginary part of a complex number.

Numerical example

Numerical results based on the parameter constellation in Table 4.13 are provided

in Table 4.14. The Monte Carlo estimates and associated 95%–confidence intervals are

based on 10 million simulations with 1000 time steps. N = 210 and ū = 160 are used

for the FFT computation. In this case, we see that the lower bound approximation by

integration of Caldana & Fusai (2013) gives a quite accurate result, outperforming FFT.
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Monte Carlo
T K FFT Integration Low bound Price Upper bound

0.5 0.003383 0.070773 0.070706 0.070706 0.070706 0.070707
1.0 0.001660 0.163826 0.163977 0.163976 0.163977 0.163978
2.0 0.002300 0.162695 0.162698 0.162698 0.162698 0.162699
3.0 0.003400 0.161088 0.161078 0.161076 0.161077 0.161078
4.0 0.005070 0.158877 0.158946 0.158945 0.158945 0.158946
5.0 0.007100 0.156471 0.156514 0.156513 0.156514 0.156514
6.0 0.009278 0.410270 0.410338 0.410333 0.410335 0.410338
8.0 0.012389 0.148448 0.148444 0.148443 0.148444 0.148445
9.0 0.012504 0.146426 0.146363 0.146361 0.146362 0.146363
10.0 0.012240 0.143095 0.143059 0.143058 0.143058 0.143059

Table 4.14 : LIBOR-OIS spread option prices, K taken to be the spot spread.

4.7 Conclusion

Building on the Fourier transform approach to pricing spread options of Hurd & Zhou

(2010), we show that their result is in essence an application of the two–dimensional

Parseval Identity. Implementing the method using the highly efficient FFTW C++ library,

we clarify a little–documented issue in order to reconcile this implementation with the

widely used Matlab ifft2 function. We replicate the numerical results reported in Hurd &

Zhou (2010), and provide additional application examples, both in terms of models (NIG)

and in terms of products (cross–currency and LIBOR/OIS interest rate spread options).

All application examples are benchmarked against Monte Carlo simulation. The method

proved to be fast and accurate even for coarser grids, in fact we obtained sufficiently

accurate results with just N = 28 and integration limit of ū = 40, with the exception of

the CIR–type model for the LIBOR/OIS spread, where we set N = 210 and ū = 160.

Lastly, it is worth noting that in the interest rate spread option applications which we

considered, approximate analytical formulas from the literature perform as well or better

than FFT. However, FFT is more generically applicable, requiring only the specification

of the characteristic function of the joint distribution of the financial variables in question.
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4.8 Appendix: Discrete Fourier Transform (DFT)

Consider N grid points and the vectors F, f ∈ CN :

F =



F1

F2

...

FN−1

FN


, f =



f1

f2

...

fN−1

fN


and the N ×N matrix

M :=



1 1 1 · · · 1

1 ω1
N ω2

N · · · ωN−1
N

1 ω2
N ω4

N · · · ω
2(N−1)
N

...
...

... . . . ...

1 ωN−1
N ω

N(N−1)
N · · · ω

(N−1)(N−1)
N


with ωN = e−

2πi
N . The discrete Fourier transform F of f is given by:

F = Mf → Fk =
N∑
n=1

fnω
(n−1)(k−1)
N , for k = 1, · · ·N.

The inverse of the discrete Fourier transform matrix is given by

M−1 :=
1

N



1 1 1 · · · 1

1 ω−1
N ω−2

N · · · ω
1(N−1)
N

1 ω−2
N ω−4

N · · · ω
−2(N−1)
N

...
...

... . . . ...

1 ω
−(N−1)
N ω

−N(N−1)
N · · · ω

−(N−1)(N−1)
N
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The columns of M form an orthogonal basis of CN . The operation of recovering f from

F is called the inverse discrete Fourier. The discrete Fourier transform is then applied to

approximate a Fourier integral in Equation (4.3.1).
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Chapter 5

Regime Switching Rough Heston Model

This chapter presents the implementation of and pricing under a regime switching rough

Heston model combining the approach by Elliot, Nishide, and Osakwe (2016) with the

one by El Euch and Rosenbaum (2016). This chapter is based on a journal article by

Alfeus, Overbeck & Schlögl (2019) which combines two important stylized features of

volatility, the rough behaviour consistent with a Hurst parameter less than 0.5, and the

regime switching property consistent with more long term economic considerations. It

is nevertheless highly tractable in the sense of semi-analytic formulae for European op-

tions, and permits a partial Monte Carlo method of similar computational speed as the

semi-analytic formula (at an appropriate number of Monte Carlo simulations). While op-

tion prices are relatively insensitive to the choice of Hurst parameter, introducing rough

volatility allows for a better fit to the at-the-money skew.

5.1 Introduction

The most widely used stochastic volatility model is the model of Heston (1993). In

that model, the asset price S follows a diffusion process with stochastic relative1 volatility,

which follows a square-root-process, also known as CIR-process, having been introduced

to finance applications by Cox et al. (1985). The dynamics of the Heston model under the

1“Relative” in the sense that the absolute level of volatility is given by the relative volatility scaled by
the current asset price St.
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risk-neutral probability measure Q are given by:

dSt = rStdt+ St
√
VtdBt

dVt = κ(θ − Vt)dt+ σ
√
VtdWt, (5.1.1)

with two (possibly correlated) Brownian motions B and W . One important advantage

of this stochastic volatility model is its analytic tractability, yielding prices for European

options which are readily computable by Fourier inversion. Consequently, it enables the

modeller to calibrate the parameters of the process to market quoted option prices fairly

easily.

However, in a recent paper by Gatheral et al. (2018), empirically it is shown that

financial time series of realized volatility are “rough” with a Hurst parameter H less than

one-half,2 i.e., close to zero or about 0.1. Furthermore, from a theoretical perspective

Jaisson & Rosenbaum (2016) and El Euch & Rosenbaum (2017) present micro-structure

market models based on self-exciting Poisson processes, so–called Hawkes processes,

which converge to rough Brownian motions.

To construct a Heston model with rough volatility, the basic specification of the price

process is the same as in the classical Heston model, but the squared volatility process is

modified. The integral of the stochastic differential equation of the instantaneous volatility

is convolved with a kernel borrowed from Mandelbrot & Van Ness (1968) representation

of the fractional Brownian motion. For the Hurst parameter close to zero this kernel is

behind the Hölder regularity and that causes the solution of this SDE to have trajectories

which are less regular than those for a Brownian motion. Merging Heston (1993) with

a rough volatility specification following El Euch & Rosenbaum (2018), we obtain the

model dynamics under Q as

2Where H = 0.5 would correspond to the assumptions underlying Heston (1993).
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dSt = rStdt+ St
√
VtdBt

Vt = V0 +
κ

Γ(α)

∫ t

0

(t− s)α−1(θ − Vs)dt+
σ

Γ(α)

∫ t

0

(t− s)α−1
√
VsdWs,

(5.1.2)

where α = H + 1
2

and Γ(·) is the gamma function.

Another stream of research, as described in Elliott, Chan & Siu (2005) and Elliott

et al. (2016), argues that asset price dynamics or the associated volatility process exhibit

regime changes. For example, the empirical analysis of Maghrebi et al. (2014) comes to

the conclusion that the model should have at least two regimes under the risk neutral mea-

sure. Also several papers Hamilton & Susmel (1994), So, Lam & Li (1998), and Moore

& Wang (2007) showed that volatilities of financial indices exhibit regime switches under

the physical measure. Regime switching models have also been used for derivative pric-

ing in many other cases, including Overbeck & Weckend (2017), Yuen & Yang (2010),

Alexander & Kaeck (2008), and Ang & Bekaert (2002). Calibration of the regime switch-

ing models to observed market prices has been analysed in Mitra (2009) and He & Zhu

(2017).

Although rough volatility and regime switching are recognised in the recent literature

as important steps in the direction of more realistic modelling of the dynamics of asset

prices and indices, these two aspects hitherto were not incorporated into a single model. In

the present paper, we take a first step in this direction. We restrict ourselves to changes in

the mean-reversion parameter, as this maintains the analytic tractability of the model. As

a consequence, many option pricing formulae can be obtained at least in a semi-analytic

form.

Thus our regime switching rough Heston model will inherit the analytic tractability of

the rough Heston model, which was derived in El Euch & Rosenbaum (2018), and El Euch

& Rosenbaum (2017), and the tractability of the regime switching extension the Heston
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model as in Elliott et al. (2016). Two important stylized features of volatility, namely the

(locally) rough behaviour, and the regime switching property consistent with more long

term economic considerations, are accommodated in one consistent model approach.

In the classical Heston model, the Laplace transform of the log asset price is a solu-

tion to a Riccati equation. Although this result requires the semi-martingale and Markov

property of the asset and volatility process, a totally analogous result can be proved for

the rough Heston model, where the volatility is neither a semi-martingale nor a Markov

process. The Riccati equation, which is an ordinary differential equation, is now replaced

by a rough integral equation, see El Euch & Rosenbaum (2018). This result is extended

to a time–dependent long–term mean reversion level θs, s ∈ [0, T ]. However, in our set-

ting the equation associated with the Markovian regime switching process for θs depends

also on the final time T . This dependency increases considerably the mathematical and

numerical complexity. From the computational point of view, the model is computation-

ally challenging, as firstly we have to compute the matrix ODE (as proposed by Elliott

& Nishide (2014)) using the Runge–Kutta method, and secondly we have to compute

the fractional differential Riccati equation using predictor–corrector schemes in lines of

Adam’s method (see for instance Diethelm, Ford & Freed (2002)). Generally, merging

the two modeling frameworks is slower mainly due to the time–consuming resolution of

the matrix ODE, and the required predictor–corrector schemes.

In this work we are able to extend the arguments from El Euch & Rosenbaum (2018),

as well as from Elliott et al. (2016), to derive an analytic representation of the Laplace

functional of the asset price. By Fourier inversion, semi-analytic pricing formulae for put

and call options are given.

We benchmark these semi-analytic prices against two types of Monte Carlo simula-

tions. One is a full Monte Carlo simulation, in which the three dimensional stochastic

process (B,W, θ) is simulated.
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The second, a novel method in this context, is the partial Monte Carlo simulation.

Here we simulate the path of θs(ω), s ∈ [0, T ] and then solve the corresponding rough

volatility Riccati equation. This computational method is an innovation compared to the

approaches presented in the literature and is shown to be the most effective one.

Despite large differences in computational time, the results of the three methods are

very close. This is in contrast to the results of Elliott et al. (2016), in which, however,

only the two classical computational methods were considered. Furthermore, they only

considered maturities up to one year, and in their numerical results it appears that the

difference between Monte Carlo prices and those based on the semi-analytic formula

increases with maturity. This we cannot observe.

The chapter is structured as follows. Section 5.2 introduces the model and pricing

methodologies. Section 5.5 presents numerical results and call price sensitivity with re-

spect to the Hurst parameter. Section 5.6 concludes.

5.2 Basic Model Description

We directly work under the pricing measure for the underlying (already discounted)

asset S. From Equation (5.1.2) the log prices X = logS become

dXt = (r − Vt/2)dt+
√
VtdBt

Vt = V0 +
κ

Γ(α)

∫ t

0

(t− s)α−1(θ − Vs)dt+
σ

Γ(α)

∫ t

0

(t− s)α−1
√
VsdWs.

(5.2.1)

Note that this specification corresponds to Vt being driven by fractional Brownian motion

with Hurst parameter H = α− 0.5.

We now incorporate a regime switching into the mean reversion level θ as in Elliott

et al. (2016) and merge this with the rough volatility model above. This leads to the



182

following stochastic integral equation for V

Vt − V0 =
κ

Γ(α)

∫ t

0

(t− s)α−1(θs − Vs)dt+
σ

Γ(α)

∫ t

0

(t− s)α−1
√
VsdWs, (5.2.2)

where W is now a standard Brownian motion having correlation ρ with B and (θs)0≤t<∞

is a finite state, time–homogeneous Markov process with generator matrix Q independent

of S and W . With this specification, the model inherits analytical tractability from the

models of El Euch & Rosenbaum (2018) and Elliott et al. (2016).3

5.2.1 Fixed function s→ θs

We need the following result from El Euch & Rosenbaum (2017) that for a fixed

function s→ θs the characteristic function of Xt = logSt equals

E[ezXt ] = exp

(∫ t

0

h(z, t− s)
(
κθs +

V0s
−α

Γ(1− α)

)
ds

)
, z ∈ C (5.2.3)

where h is the unique solution of the following fractional Riccati equation:

Dαh =
1

2
(z2 − z) + (zρσ − κ)h(z, s) +

σ2

2
h2(z, s), s < t, z ∈ C,(5.2.4)

I1−αh(z, 0) = 0.

Here the fractional differentiation and integral are defined by

Dαh(z, s) =
1

Γ(1− α)

∫ t

0

(t− s)−αh(z, s)ds (5.2.5)

Iαh(z, s) =
1

Γ(α)

∫ t

0

(t− s)α−1h(z, s)ds (5.2.6)

3The classical Heston model does suffer from the potential problem of moments explosion (see e.g.
Keller-Ressel (2011)). Gerhold, Gerstenecker & Pinter (2018) demonstrate that this problem is not exacer-
bated by moving to rough volatility: Moment explosion time in this case is finite if and only if it is finite
for the classical Heston model.
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5.2.2 Regime switching θs

As in Elliott et al. (2016), we define θs(ω) =
∑k

i=1 ϑiZ
(i)
s (ω) = 〈ϑ, Zs〉 where Z is

a Markov chain, independent from (S, V ) with state space being the set of unit vectors

in Rk, i.e.Zs ∈ {ei = (0, .., 1, 0..)T , i = 1, .., k}. ϑ is the vector of k different mean

reversion levels. The infinitesimal generator of the process Z is also denoted by Q, i.e.,

qij is the intensity of the jump process triggering a switch from state i to j.

The following proposition is the main new mathematical result of the paper and lays

the foundation of the numerical calculation of the option prices as presented below.

Theorem 8. The characteristic function of the random variable X with fixed T is given

by:

E[ezXT ] = E

[
exp

(
κ

∫ T

0

h(z, T − s)〈ϑ, Zs〉ds
)]

e
∫ T
0 h(z,T−s) V0s

−α
Γ(1−α)

ds. (5.2.7)

Proof. Fix the final time T and consider now the processes

gt = exp

(
κ

∫ t

0

h(z, T − s)〈ϑ, Zs〉ds
)

(5.2.8)

Gt = gtZt (5.2.9)

We have that

dGt = gtdZt + Ztdgt (5.2.10)

= gt(Q
′Ztdt+ dMZ

t ) + Ztgth(z, T − t)〈ϑ, Zt〉dt
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and can proceed exactly as in Elliott et al. (2016). Therefore

dGt = (Q′ + κh(z, t)〈ϑ, Zt〉) gtZtdt+ gtdM
Z
t (5.2.11)

= (Q′ + κh(z, T − t)Θ) gtZtdt+ gtdM
Z
t

Once this is done we will finally end up with a matrix ODE, as in Elliott et al. (2016), i.e.

dΦ(u, t)

dt
= (Q′ + κh(z, T − t)Θ) Φ(u, t), u < t, with Φ(u, u) = I.(5.2.12)

We now get that

E [Gt] = Φ(0, t)Z0, (5.2.13)

and because ∀t, 〈Zt,1〉 = 1, we have

E

[
exp

(
κ

∫ T

0

h(z, s)〈ϑ, Zs〉ds
)]

= 〈Φ(0, T )Z0,1〉. (5.2.14)

In summary, combining Equations (5.2.6), (5.2.7), and (5.2.14), the regime switching

rough Heston model has the characteristic representation given by:

ϕX(z) = E[ezXT ] = exp
(
V0I

1−αh(z, T − ·)
)
〈Φ(0, T )Z0,1〉, (5.2.15)

where

I1−αh(z, T − ·) =

∫ T

0

h(z, T − s) s−α

Γ(1− α)
ds. (5.2.16)
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This characteristic function in Equation (5.2.7) is used in the semi-analytic pricing

method below.

5.3 Monte Carlo Simulation

As a benchmark for the semi-analytic pricing method via the characteristic function,

which involves the rough Riccati equation and the matrix equation, we use Monte Carlo

simulation based approaches, i.e., we carry out two types of Monte Carlo simulation.

In the first one, only the regime switching process is simulated and for each path of θ

the corresponding Laplace functional is calculated. The second one is a straightforward

simulation of the three dimensional process (θ, V, S).

5.3.1 Partial Monte-Carlo

We simulate the paths of θs and then, for each realization θs(ω), evaluate the formula

(5.2.3). A path θ(ω) has the form

θs(ω) =
∞∑
i=1

1[Si−1(ω),Si(ω)[(s)Xi(ω), (5.3.1)

where S0 = 0, Si(ω) = Si−1(ω)+Ti(ω), where Ti, Xi are successively drawn from an ex-

ponential distribution with parameter −qXi−1(ω)Xi−1(ω) and X from the jump distribution

of Q i.e.

Ti ∼ exp(−qXi−1(ω)Xi−1(ω)) (5.3.2)

P [Xi = θk|Xi−1(ω)] =
qXi−1(ω)k

−qXi−1(ω)Xi−1.(ω)

(5.3.3)

Generate N of those paths θ(ωl), l = 1, .., N and evaluate for each θ(ωl) the expression

E[ezXt ](ωl) := exp

(∫ t

0

h(z, t− s)
(
κθs((ωl)) +

V0s
−α

Γ(1− α)

)
ds

)
, (5.3.4)



186

then

E[ezXt ] ≈ 1

N

N∑
l=1

E[ezXt ](ωl) (5.3.5)

5.3.2 Full Monte Carlo

Here we want to calculate the option price directly by Monte Carlo simulation. We

first simulate the 3-dimensional process (B,W, θ) and numerically discretise the integral

in Equation (5.2.2). From the θs(ω) simulated as above, we build the values of the regimes

at each of the discrete time steps ti, at which we also want to generate the values of the

volatility Vti , which depends on θti and the asset price Sti .

The Heston model itself is then defined via an Euler scheme according to (5.1.2), and

option prices are obtained by evaluating the payoff at each path and taking the average

over all Monte Carlo paths.

5.4 Semi-analytic pricing based on Fourier transformation

To price options, we use the well-known Fourier-inversion formula of Gil-Pelaez

(1951) (for convergence analysis see Wendel (1961)) which leads to a semi-analytic

closed-form solution given by:

C0 = e−rTE
[
(eX −K)+

]
= E[eX ]Π1 − e−rTKΠ2, (5.4.1)

where the probability quantities Π1 and Π2 are given by:
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Π1 = E[eXI{eX>K}]/E[eX ] =
1

2
+

1

π

∫ ∞
0

Re
[
e−iz log(K)ϕX(z − i)

izϕX(−i)
dz

]
(5.4.2)

Π2 = P{eX > K} =
1

2
+

1

π

∫ ∞
0

Re
[
e−iz log(K)ϕX(z)

iz
dz

]
.

The characteristic functionϕX from (5.2.7) is split into two components. Both of these

components contain a function h which is a solution of a fractional differential Riccati

Equation. The fractional integral in the second component is numerically approximated

using theories from fractional calculus coupled with a standard quadrature integration

method, see e.g. Diethelm et al. (2002). In a classical Heston model, the solution of

the first component is often expressed in a form that causes problems if one restricts the

multivariate complex logarithms to the principal branch cut (−π, π), as pointed out by

Schöbel & Zhu (1999). To circumvent these computational discontinuities we compute

the integration directly numerically, using the trapezoidal rule. In the case of the regime

switching rough Heston model, we solve (5.2.12), which is dependent on the function h.

In our computation, adopting parameters from Elliott et al. (2016), the expectation in the

first component of the characteristic function is a continuous function, so discontinuities

do not appear and we are able to avoid the associated numerical challenges.

5.5 Numerical results

Most of the model parameters are adopted from Elliott et al. (2016), see Table 5.2.

For the case with rough volatility, we chose the Hurst parameter H = 0.1.4

Our first analysis begins with the test of the observation in Elliott et al. (2016) that

with longer time to maturity Monte Carlo prices diverge considerably from semi-analytic

4Gatheral et al. (2018) find empirical support for a Hurst parameter H = 0.1. However, their rough
volatility dynamics are estimated on a time series of logarithmic realised volatility, rather than the squared
volatility Vt of the logarithmic asset price process as it appears on our model specification (5.2.1). Thus,
rather than focusing on a single value of H , we also consider alternative values of H in the analysis below
(see also the analysis by Alfeus, Korula, Lopes, Soane & McWalter (2017)).
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prices. This we cannot confirm. In percentage of price, the error relative to the Monte

Carlo benchmark only increases slightly. These results are displayed in Table 5.3–5.4.

However, if we do not simulate the regime switches in the Monte Carlo simulation we

observe the same increase as reported in Elliott et al. (2016), see Table 5.5 and Table 5.7.

In our implementation, we could neither observe the problems with maturity larger than 1

year, nor the problems with the discontinuities in the complex plane as reported in Elliott

et al. (2016). However, we can only observe that semi-analytic pricing suffers for the

out–of–the–money options.

In the second analysis, we consider how the Hurst parameter impacts the option price.

Surprisingly, this depends on the maturity of the option. We show the result without

regime switching in the Figure 5.2, for call options with strike equal to the initial spot

price of the underlying. We get increasing, humped and then decreasing shapes for times

to expiry bigger than 1.85 years. As Figure 5.2 illustrates, changing the Hurst parameter

has little impact on option prices. However, along the lines suggested by Gatheral et al.

(2018) for their model, the rough volatility model which we are using fits the at–the–

money skew better than the classical Heston model. We compute the at–the–money skew

numerically by finite differences as

σ∗BS(T,K)

∂K
|K=0=

σ∗BS(T,K + ∆)− σ∗BS(T,K)

∆
,

where σ∗BS(T, ·) is the Black-Scholes implied volatility of the respective option prices.

Calibrating to the exemplary SPX option price data quoted in Gatheral & Lynch (2001),

we obtain “best fit” parameters for the Heston model and for our rough volatility Heston

specification, as given in Table 5.1.
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Figure 5.1 : SPX ATM skew

κ θ σ ρ v0 α

Heston 1.575919 0.417474 0.50827 -0.9984 0.245467

Rough Heston 0.120984 0.651894 0.238348 -0.7629 0.094762 0.835989

Table 5.1 : Calibrated parameters

Plotting the resulting at–the–money skew for the two models together with the ATM

skew based on the raw market data in Figure 5.1, we see that the rough volatility model

fits the market much better in this respect than the classical Heston model. Moreover, the

calibrated Hurst parameter is 0.33599 which agrees with the finding by Livieri, Mouti &

Rosenbaum (2017) that the Hurst parameter from option price is around 0.3.

Thirdly, we report on call prices under rough volatility (with H = 0.1) with different

volatility and correlation assumptions, see Tables 5.6–5.8. Here we also exhibit the partial

Monte Carlo results. The prices are close to full Monte Carlo, but require substantially

less computation time. Different to the QE-matrix used by Elliott et al. (2016), which

results in about one change of regime per year on average, we also consider the case with

higher regime change intensity. In this case, the differences to the non-regime switching
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Parameters value
S(0) 100
r 0.05
σ 0.4
ρ -0.5
κ 3

θ0 = [θ1 θ2] [0.025 0.075]
α 1 (∼ H = 0.5)

QE

[
−1 1
0.5 −0.5

]
No. of Simulations 1 000 000

Time Steps 250

Table 5.2 : Model parameters

case become larger, see Tables 5.6, 5.8 and 5.11. The numerical results when varying

the correlation between the driving Brownian motions and varying the initial value of

volatility are given in Tables 5.9–5.10. Unsurprisingly, these have a substantial impact on

option prices.

Finally, Figure 5.3 shows the implied volatility surface for different Hurst parameter

values, and with two different starting volatilities. The lowest and steepest is the one with

the lowest Hurst parameter and starting in the lowest volatility regime.

For completeness, Table 5.12 provides a comparison of computation time across the

models and methods considered in this paper. It is worth noting that the “partial Monte

Carlo” method described in Section 5.3.1 above is of similar computational speed (at the

level of one million Monte Carlo realisations) as the semi-analytic method.
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K/T 0.25 0.5 0.75
Monte Carlo Semi-Analytic Monte Carlo Semi-Analytic Monte Carlo Semi-Analytic

Price std Error Fourier Price std Error Fourier Price std Error Fourier
90 11.57148 0.00745 11.48849 13.27125 0.01006 13.25924 15.49823 0.01392 15.01218
95 7.38753 0.00648 7.17254 9.59107 0.00929 9.27515 10.73807 0.01015 11.24349

100 3.97505 0.00504 3.62547 6.68191 0.00842 5.88019 7.39669 0.00878 7.95919
105 1.69219 0.00338 1.33534 3.66323 0.00604 3.29490 4.71588 0.00721 5.28047
110 0.55198 0.00192 0.35727 1.83362 0.00427 1.62772 2.73756 0.00558 3.27974
115 0.14608 0.00098 0.08044 0.63928 0.00244 0.73575 1.71990 0.00460 1.92863
120 0.03219 0.00045 0.01697 0.35077 0.00187 0.31933 1.76078 0.00526 1.09545

(a) Starting in a low state: θ0 = θ1

K/T 0.25 0.5 0.75
Monte Carlo Semi-Analytic Monte Carlo Semi-Analytic Monte Carlo Semi-Analytic

Price std Error Fourier Price std Error Fourier Price std Error Fourier
90 11.57717 0.00729 11.73234 13.71997 0.01122 13.87580 15.72714 0.01448 15.84949
95 7.36691 0.00633 7.63948 9.94275 0.00999 10.17181 12.48412 0.01384 12.34856

100 3.90727 0.00489 4.31660 6.73111 0.00851 7.02647 9.49103 0.01238 9.29809
105 1.60708 0.00323 2.02691 4.20529 0.00688 4.53709 6.93522 0.01078 6.74947
110 0.49681 0.00179 0.77241 2.74969 0.00587 2.72878 4.87362 0.00915 4.71991
115 0.12359 0.00089 0.24232 1.06738 0.00340 1.53220 3.22032 0.00740 3.18403
120 0.02729 0.00041 0.06548 0.60658 0.00264 0.80856 2.16359 0.00611 2.07808

(b) Starting in a high state: θ0 = θ2

Table 5.3 : Call prices, v0 = 0.02 < θ1 < θ2
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Figure 5.3 : Implied volatility surface for changing Hurst parameter H under different
initial volatility regime
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K/T 1 3 5
Monte Carlo Semi-Analytic Monte Carlo Semi-Analytic Monte Carlo Semi-Analytic

Price std Error Fourier Price std Error Fourier Price std Error Fourier
90 17.75749 0.01779 16.70273 29.72727 0.03784 27.80856 36.31831 0.04548 35.97219
95 12.00087 0.01112 13.09527 26.98125 0.03669 24.85439 33.51644 0.04393 33.34277

100 8.64760 0.00979 9.90182 22.91025 0.03127 22.10464 30.63824 0.04147 30.85462
105 6.92472 0.01005 7.19639 15.80680 0.01917 19.56451 27.16105 0.03704 28.50740
110 5.29075 0.00943 5.02534 13.21306 0.01786 17.23587 27.83889 0.04427 26.29963

(a) Starting in a low state: θ0 = θ1

K/T 1 3 5
Monte Carlo Semi-Analytic Monte Carlo Semi-Analytic Monte Carlo Semi-Analytic

Price std Error Fourier Price std Error Fourier Price std Error Fourier
90 18.04682 0.01869 17.64130 27.29340 0.03006 28.54621 35.22786 0.04123 36.00426
95 14.73782 0.01734 14.27432 24.46840 0.02925 25.69094 32.42804 0.03981 33.37863

100 11.84495 0.01585 11.29129 24.57055 0.03566 23.03282 33.21863 0.05016 30.89413
105 9.30708 0.01429 8.72376 21.82207 0.03334 20.57358 31.56898 0.05076 28.55036
110 7.19260 0.01271 6.58292 19.96980 0.03286 18.31214 27.14623 0.04221 26.34577

(b) Starting in a high state: θ0 = θ2

Table 5.4 : Call prices, v0 = 0.02 < θ1 < θ2, with longer maturities

5.6 Conclusion

In this chapter we presented a regime switching rough Heston model. It combines the

recently developed theory of rough volatility using rough Riccati equations as in El Euch

& Rosenbaum (2018) and the regime switching extension of the Heston model as in Elliott

et al. (2016). The main goal was to develop a tractable model that accounts for the two

important stylized features of volatility simultaneously, namely the rough behaviour con-

sistent with a Hurst parameter less than 0.5, and the regime switching property consistent

with more long term economic considerations.

In this model, European option prices are still given in a semi-analytic formula. Fur-

thermore, we presented a partial Monte Carlo method of similar computational speed as

the semi-analytic formula (at an appropriate number of Monte Carlo simulations). Our

results show that the deviation between the approaches, as well as against a benchmark

full Monte Carlo simulation, are small and consistent for any given time to expiry.

The sensitivity analysis of the regime switching rough Heston model with regard to

its input parameters shows in particular that call option prices are relatively insensitive
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K/T 0.25 0.5 1
Monte Carlo Semi-Analytic Monte Carlo Semi-Analytic Monte Carlo Semi-Analytic

Price std Error Fourier Price std Error Fourier Price std Error Fourier
90 11.31855 0.00036 11.47998 12.78403 0.00080 13.26191 15.54240 0.00135 16.70267
95 6.91745 0.00049 7.17261 8.68745 0.00097 9.27230 11.74966 0.00158 13.09533

100 3.45268 0.00044 3.63632 5.34249 0.00100 5.88245 8.50439 0.00174 9.90178
105 1.40765 0.00048 1.31659 2.99190 0.00103 3.29437 5.91387 0.00183 7.19640
110 0.51416 0.00051 0.37300 1.57963 0.00104 1.62594 3.97996 0.00183 5.02538
115 0.17973 0.00037 0.08148 0.81441 0.00097 0.73872 2.62430 0.00177 3.38626
120 0.06229 0.00021 0.03019 0.42068 0.00080 0.31788 1.70823 0.00164 2.22082

(a) Starting in a low state: θ0 = θ1

K/T 0.25 0.5 1
Monte Carlo Semi-Analytic Monte Carlo Semi-Analytic Monte Carlo Semi-Analytic

Price std Error Fourier Price std Error Fourier Price std Error Fourier
90 11.60323 0.00033 11.73305 13.75855 0.00061 13.87595 17.77453 0.00096 17.64129
95 7.53515 0.00034 7.63789 10.16683 0.00062 10.17166 14.58900 0.00102 14.27432

100 4.35194 0.00031 4.31886 7.20199 0.00063 7.02656 11.81142 0.00106 11.29129
105 2.23511 0.00033 2.02486 4.90186 0.00064 4.53710 9.44866 0.00110 8.72376
110 1.04208 0.00037 0.77292 3.22584 0.00067 2.72865 7.47633 0.00112 6.58292
115 0.45445 0.00035 0.24399 2.06709 0.00069 1.53236 5.86090 0.00112 4.85611
120 0.19003 0.00027 0.06291 1.29924 0.00068 0.80852 4.56132 0.00113 3.50796

(b) Starting in a high state: θ0 = θ2

Table 5.5 : Call prices, v0 = 0.02 < θ1 < θ2, without simulation of regime switches in
Monte Carlo

to the choice of Hurst parameter (i.e., to the “roughness” of the volatility). Concerning

the regime switches we analyse Q-matrices, one with intensity resulting in an expected

rate of regime changes of only one change per year, as carried out in Elliott et al. (2016)

and one with fast changes, at an expected rate of approximately 5 per year. There is only

a slight impact on call prices, see also Tables 5.6, 5.8 and Table 5.11. However, one

should not conclude that an extension of option pricing models to reflect rough volatility

is inconsequential. Gatheral et al. (2018) noted in their model that introducing rough

volatility allows for a better fit to the at-the-money skew observed in the market, and, as

our numerical results show, the rough Heston model retains this feature.

5.7 Appendix: Marked point process

The simplest regime switching model is a marked point process, which is constructed

from a sequence of exponential independent waiting times Ti and a sequence of i.i.d marks

Yi ∈ {ϑj, j = 1, .., k} at time Si = Y1 + .. + Yi the process switches to state Yi. For this
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(b) 1 year maturity
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Figure 5.2 : The impact of Hurst parameter on option values with changing expiry time
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K/T 0.25 0.5 1
Monte Carlo Semi-Analytic Monte Carlo Semi-Analytic Monte Carlo Semi-Analytic

Full std Error Partial Fourier Full std Error Partial Fourier Full std Error Partial Fourier
80 21.21834 0.08142 21.04928 20.99613 22.70236 0.10612 22.39585 21.92995 24.95195 0.14809 24.43662 24.54135
85 16.53185 0.07505 16.79874 16.89825 18.25055 0.10175 18.15340 17.71934 20.87358 0.14293 20.32966 20.28785
90 11.98653 0.06997 12.31647 11.94876 13.60705 0.09478 13.86663 13.37147 16.74382 0.13051 16.48881 16.32680
95 7.73380 0.06096 7.62077 6.67428 9.73972 0.08340 9.91929 8.89896 12.74631 0.11821 12.76987 12.64163

100 3.81818 0.04910 3.78302 2.46191 6.02765 0.07292 6.42048 4.93519 9.40263 0.11208 9.42984 9.30234
105 1.44438 0.03752 1.51491 0.24732 2.96650 0.05546 3.80160 2.15772 6.43873 0.09919 6.60637 6.46152
110 0.42772 0.02180 0.39556 0.12512 1.40261 0.04262 2.06220 0.75938 3.86032 0.08174 4.35670 4.24546

(a) Starting in a low state: θ0 = θ1

K/T 0.25 0.5 1
Monte Carlo Semi-Analytic Monte Carlo Semi-Analytic Monte Carlo Semi-Analytic

Full std Error Partial Fourier Full std Error Partial Fourier Full std Error Partial Fourier
80 21.22925 0.07501 20.98623 20.96890 22.79630 0.11497 22.15238 22.14655 25.74824 0.05678 25.50586 24.97705
85 16.52081 0.07119 16.69764 16.75793 18.18483 0.10556 17.86022 17.80336 21.70714 0.05376 21.55210 20.86047
90 11.96638 0.06593 12.11152 12.04218 13.99007 0.09802 13.93820 13.62524 17.96501 0.05086 17.89002 17.03892
95 7.50552 0.05791 7.50617 7.16747 9.84658 0.08937 10.07705 9.61300 14.15027 0.04681 14.58459 13.55432

100 3.63218 0.04688 3.79966 3.17796 6.30056 0.07959 6.45585 6.06377 11.00267 0.04286 11.63212 10.45512
105 1.19131 0.03641 1.33402 0.84507 3.44352 0.06389 3.79153 3.35864 8.10423 0.03822 9.08070 7.79629
110 0.38912 0.02242 0.51241 0.12238 1.70127 0.05041 2.05766 1.65555 5.76181 0.03393 6.93307 5.61828

(b) Starting in a high state: θ0 = θ2

Table 5.6 : Call prices under rough volatility, v0 = 0.02 < θ1 < θ2 and QE generator

The sequence y0, ..., yi alternates between two values yl, low and high yh. If it starts with

low, i.e. y0 = yl then y1 = yh, i.e. next state is high. If we set the values of yl, yh then

only the switching rate λ has to be determined.
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K/T 0.25 0.5 1
Monte Carlo Semi-Analytic Monte Carlo Semi-Analytic Monte Carlo Semi-Analytic

Price std Error Fourier Price std Error Fourier Price std Error Fourier
80 21.19948 0.06566 20.99613 22.47280 0.08855 21.92995 24.87668 0.12432 24.54135
85 16.50078 0.06101 16.89825 17.72256 0.08502 17.71934 20.64484 0.11906 20.28785
90 11.68174 0.05562 11.94876 13.28680 0.07711 13.37147 15.91675 0.10802 16.32680
95 7.14933 0.04882 6.67428 8.90970 0.06915 8.89896 12.01290 0.10022 12.64163

100 3.10499 0.04128 2.46191 5.02244 0.05764 4.93519 8.28652 0.08782 9.30234
105 0.77033 0.02745 0.24732 2.24329 0.04713 2.15772 5.03983 0.07613 6.46152
110 0.26740 0.01873 0.12512 0.83912 0.03299 0.75938 2.88119 0.06492 4.24546

(a) Starting in a low state: θ0 = θ1

K/T 0.25 0.5 1
Monte Carlo Semi-Analytic Monte Carlo Semi-Analytic Monte Carlo Semi-Analytic

Price std Error Fourier Price std Error Fourier Price std Error Fourier
80 21.55874 0.09134 20.96890 23.03974 0.12825 22.14655 26.12745 0.18946 24.97705
85 16.61640 0.08343 16.75793 18.68628 0.12284 17.80336 22.12496 0.18115 20.86047
90 12.20763 0.07790 12.04218 14.49531 0.11147 13.62524 17.86913 0.16392 17.03892
95 7.84079 0.06585 7.16747 10.37963 0.10010 9.61300 14.37190 0.15299 13.55432

100 4.31448 0.05577 3.17796 6.90396 0.08765 6.06377 11.37817 0.13983 10.45512
105 1.82449 0.04377 0.84507 4.19076 0.07165 3.35864 8.53524 0.12659 7.79629
110 0.66541 0.02951 0.12238 2.37847 0.05910 1.65555 6.24291 0.11296 5.61828

(b) Starting in a high state: θ0 = θ2

Table 5.7 : Call prices, v0 = 0.02 < θ1 < θ2, without simulation of regime switches in
Monte Carlo; rough case

K/T 0.25 0.5 1
Monte Carlo Semi-Analytic Monte Carlo Semi-Analytic Monte Carlo Semi-Analytic

Full std Error Partial Fourier Full std Error Partial Fourier Full std Error Partial Fourier
80 21.47068 0.07908 21.00175 20.98273 22.63093 0.10858 22.28225 22.01076 25.42472 0.15965 25.79463 24.70909
85 16.66761 0.07313 16.70332 16.84830 17.97404 0.10169 18.06484 17.72671 21.14268 0.14998 20.03459 20.48775
90 11.80479 0.06609 12.27504 11.98113 13.90196 0.09522 13.89394 13.45825 17.08855 0.14001 16.49172 16.56613
95 7.59101 0.05911 7.61382 6.84312 9.68327 0.08705 9.99224 9.19971 13.44172 0.13147 13.35790 12.97795

100 3.77509 0.04935 3.78298 2.70477 6.05559 0.07620 6.41210 5.42301 10.14287 0.12180 10.23271 9.77358
105 1.24446 0.03634 1.39731 0.44667 3.19847 0.06080 3.79761 2.66488 6.97217 0.10751 7.34930 7.03425
110 0.46183 0.02466 0.50095 0.04683 1.50331 0.04772 2.08867 1.11439 4.69907 0.08864 5.18584 4.82989

(a) Starting in a low state: θ0 = θ1

K/T 0.25 0.5 1
Monte Carlo Semi-Analytic Monte Carlo Semi-Analytic Monte Carlo Semi-Analytic

Full std Error Partial Fourier Full std Error Partial Fourier Full std Error Partial Fourier
80 21.27567 0.07903 21.07213 20.97415 22.70422 0.11488 22.25050 22.04900 25.71770 0.16603 24.45007 24.74451
85 16.51986 0.07355 16.78900 16.79487 18.38982 0.10809 17.98040 17.73785 21.25906 0.15787 21.93313 20.53618
90 12.02166 0.06611 12.01867 12.00798 13.84454 0.09795 13.84289 13.49585 17.24327 0.14703 17.88039 16.62739
95 7.57394 0.05978 7.72731 7.01520 9.88294 0.08755 9.86080 9.31996 13.34188 0.13406 13.78744 13.05632

100 3.69629 0.04933 3.79923 2.96032 6.05455 0.07464 6.43077 5.62394 10.13329 0.12298 10.44554 9.87387
105 1.31239 0.03849 1.47665 0.66300 3.50841 0.06450 3.87000 2.88394 7.42620 0.10936 7.83990 7.15294
110 0.53143 0.02878 0.42124 0.04452 1.72727 0.04967 2.07582 1.28172 5.01555 0.09459 5.83673 4.95390

(b) Stating in a high state: θ0 = θ2

Table 5.8 : Call prices under rough volatility and v0 = 0.02 < θ1 < θ2
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K/T 0.5 2 3

Monte Carlo Semi-Analytic Monte Carlo Semi-Analytic Monte Carlo Semi-Analytic
Full Partial Fourier Full Partial Fourier Full Partial Fourier

90 14.09136 13.92905 13.44292 24.45672 24.12847 24.31182 28.52202 28.32875 29.85547
95 10.61207 10.30952 9.54470 21.35730 21.18952 21.35874 25.79067 25.59277 27.15286
100 7.28423 7.20730 6.34529 18.09945 18.46754 18.65030 22.84229 23.00171 24.63365

rho = 0, v0 = 0.05 ρ = −0.5, v0 = 0.1 ρ = −0.5, v0 = 0.1

(a) Starting in a low state: θ0 = θ1

K/T 0.5 2 3

Monte Carlo Semi-Analytic Monte Carlo Semi-Analytic Monte Carlo Semi-Analytic
Full Partial Fourier Full Partial Fourier Full Partial Fourier

90 14.06407 13.91363 13.50851 24.41388 24.05615 24.35216 29.00286 29.18680 29.88640
95 10.24581 10.25548 9.66329 21.79879 20.96414 21.40435 26.28235 26.37107 27.18698
100 7.39412 7.21322 6.50357 19.11952 18.82747 18.70001 23.64200 23.60276 24.67067

ρ = 0, v0 = 0.05 ρ = −0.5, v0 = 0.1 ρ = −0.5, v0 = 0.1

(b) Starting in a high state: θ0 = θ2

Table 5.9 : Call prices under regime-changing and rough volatility

K/T 1 2 5

Monte Carlo Semi-Analytic Monte Carlo Semi-Analytic Monte Carlo Semi-Analytic
Full Partial Fourier Full Partial Fourier Full Partial Fourier

90 17.42360 16.98568 17.12488 23.39505 23.50787 23.43841 36.50005 36.75730 39.42251
95 13.78313 13.97298 13.66086 19.78577 20.39672 20.37560 33.44811 34.37670 37.10921
100 10.88857 11.07770 10.58581 17.24397 17.47267 17.57232 31.72467 31.98527 34.91732

ρ = −0.5, v0 = 0.05 ρ = −0.5, v0 = 0.05 ρ = −0.5, v0 = 0.1

(a) Starting in a low state: θ0 = θ1

K/T 1 2 5
Monte Carlo Semi-Analytic Monte Carlo Semi-Analytic Monte Carlo Semi-Analytic

Full Partial Fourier Full Partial Fourier Full Partial Fourier
90 18.07010 18.41721 17.18695 23.39505 23.02899 23.48063 37.63668 36.75730 39.44308
95 13.89200 14.44758 13.73703 19.78577 19.78565 20.42420 34.18855 34.37670 37.13149
100 10.89707 11.24528 10.67650 17.24397 17.83789 17.62695 32.68452 31.98527 34.94115

ρ = −0.5, v0 = 0.05 ρ = −0.5, v0 = 0.05 ρ = −0.5, v0 = 0.1

(b) Starting in a high state: θ0 = θ2

Table 5.10 : Call prices under regime-changing and rough volatility
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Monte Carlo Semi-Analytic Monte Carlo Semi-Analytic Monte Carlo Semi-Analytic
Strike Price std Error Fourier Price std Error Fourier Price std Error Fourier

80 24.4155 0.0137 24.4014 24.4201 0.0137 24.4119 24.9520 0.1481 24.5413
85 20.0340 0.0130 20.0188 20.0312 0.0131 20.0303 20.8736 0.1429 20.2879
90 15.8467 0.0122 15.8607 15.8682 0.0122 15.8726 16.7438 0.1305 16.3268
95 12.0190 0.0111 12.0269 12.0674 0.0111 12.0386 12.7463 0.1182 12.6416

100 8.6506 0.0098 8.6362 8.6654 0.0098 8.6467 9.4026 0.1121 9.3023
105 5.8058 0.0083 5.8079 5.8489 0.0083 5.8155 6.4387 0.0992 6.4615
110 3.6392 0.0067 3.6262 3.6575 0.0067 3.6287 3.8603 0.0817 4.2455

Classical Heston Rough Heston Regime Switching Rough Heston

(a) Starting in a low state: θ0 = θ1

Monte Carlo Semi-Analytic Monte Carlo Semi-Analytic Monte Carlo Semi-Analytic
Strike Price std Error Fourier Price std Error Fourier Price std Error Fourier

80 25.5591 0.0208 25.5676 25.6329 0.0209 25.6407 25.7482 0.0568 24.9771
85 21.6382 0.0198 21.6616 21.7346 0.0199 21.7446 21.7071 0.0538 20.8605
90 18.0274 0.0187 18.0464 18.0927 0.0187 18.1361 17.9650 0.0509 17.0389
95 14.7904 0.0174 14.7658 14.8599 0.0174 14.8582 14.1503 0.0468 13.5543

100 11.8661 0.0159 11.8534 11.9056 0.0159 11.9440 11.0027 0.0429 10.4551
105 9.3300 0.0143 9.3286 9.3473 0.0143 9.4133 8.1042 0.0382 7.7963
110 7.1849 0.0127 7.1942 7.2265 0.0127 7.2696 5.7618 0.0339 5.6183

Classical Heston Rough Heston Regime Switching Rough Heston

(b) Starting in a high state: θ0 = θ2

Table 5.11 : Call prices under Heston model modifications, maturity fixed at T = 1

Pricing Method
Model Semi-Analytic Full Monte Carlo Partial Monte Carlo

Classical Heston 0.534319 8.385977 -
Regime Switching Heston 5.065121 30.461079 -
Rough Heston 4.041738 837.789867 -
Regime Switching Rough Heston 19.56441 823.823312 14.701957

Table 5.12 : Computational speed comparison, 10 option prices, time in seconds.
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Chapter 6

Conclusions

This dissertation developed stochastic modelling frameworks that incorporate recent phe-

nomena that were observed in the financial markets. One of these phenomena is the

frequency basis, which is a spread that is applied to one leg of a swap when exchanging

one floating interest rate for another with a different tenor in the single-currency swap

market. The 2007 GFC has highlighted the new market risks and these are now priced

in the market as represented by these spreads. Specifically, we have modelled funding

liquidity and credit downgrade risk as leading to the spread between the discount curves

for different payment frequencies.

Prior work has documented the effectiveness of tenor structures for modelling the

risks affecting the funding of banks participating in benchmark interest rate panels (e.g.,

LIBOR). However, even though the costs of funding a bank in most cases is a result of

increased default risk, we are hesitant to model default risk as one of the drivers for the

basis spread, mainly because the participants of the LIBOR panel are AA-rated banks

and, at AA rates, default risk is already priced into the contract. This means that default

risk has little effect on justifying the presence of the basis spread. We contend that the

risk in the basis spread is roll-over risk. (i.e., it is the risk associated with debt refinancing

that arises when existing debt is about to mature and needs to be rolled over into new

debt). We proposed explicitly modelling this roll-over risk using two components: one is

the downgrade risk and the other one is the funding liquidity risk. As alluded to above,

the reference rate is something like LIBOR, which is an average of the rate at which AA-

rated banks expect to be able to borrow. Suppose an individual bank gets downgraded.
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Its costs of borrowing will suddenly increase, and it will be unable to roll over its debt

at a reference rate, which is what we termed downgrade risk. On the other hand, during

tumultuous events such as credit crises, liquidity in the inter-bank market may freeze up,

and AA-rated banks would be unable to refinance at the quoted reference rate. This is

what we call funding liquidity risk.

We began to model this roll-over risk from an arbitrage strategy perspective and im-

plement a general framework. The key underlying idea is to assume that in the absence

of roll-over risk, an arbitrary bank would take advantage of the basis spread in the mar-

ket to make a riskless profit. Ideally, the bank could borrow at a short tenor, rolling

over the principal and interest forward until maturity while simultaneously lending at a

longer tenor. This arbitrage strategy is explained in Table 2.1. We assert that the roll-over

risk is the culprit hindering the exploitation of such an arbitrage strategy. We treated the

overnight rate as the appropriate rate for discounting cashflows. This is not because its

maturity is so short and no bank can default overnight, as some of the literature claims,

but rather because posted collateral on fully collateralised derivatives transactions earns

interest at this rate in accordance with the standard agreements under the framework of

the International Swap and Derivatives Association (IDSA), as specified in the standard

credit support annex (CSA), for collateralised derivatives.

We modelled the roll-over-risk for multiple tenors. Tenors are constructed using the

combination of vanilla interest rate swaps (IRSs) and the basis spread quoted in the mar-

ket. The framework is currency independent, although we focused on US market data,

since it is the most liquid market. The framework also allows for different choices of

driving stochastic dynamics. In the first instance, we considered an affine framework (in

particular, dynamics according to Cox-Ingersoll-Roll in order to confine the modelling

quantities to being positive). The USD data for OIS, IRS, and basis swaps were collected

from Bloomberg and the CDS data were collected from Markit. We collected a time se-

ries dataset with maturities from 0.5 to 30 years; however, we restricted our numerical
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approach to maturities up to 10 years. We bootstrapped the OIS discount factors from

the OIS curve, and then we constructed the tenor frequencies using the combination of

IRS and basis swaps, such as a one-month tenor using IRSs and the 1m/3m basis, a three-

month tenor that corresponds to IRSs, and a six-month tenor using IRSs and the 3m/6m

basis.

The calibration process was carried out using a global optimisation tool for adaptive

simulated annealing (ASA). To reduce the complexity of the calibration and to aid the

optimiser, the calibration was split into stages. The first stage involves the calibration of

the model using OIS discount factors. The next stage takes the OIS calibrated parameters

as they are and then proceeds to calibrate the remaining parameters for the roll-over risk.

To investigate the parameter impacts on the roll-over risk, we adopted two methodologies:

one where we calibrated all risk factors to basis swaps and another where we calibrated

the downgrade risk components to the CDS spreads for the 17 LIBOR contributing banks

and only calibrated the funding liquidity risk to the basis spread.

As an alternative specification of the stochastic dynamics within our framework, we

proceeded to model the roll-over risk using polynomial processes. We considered factor

polynomial processes in a bounded state domain in order for the framework to be consis-

tent with the economic intuition for the term structure of interest rates. We investigated

the Feller explosion test since this is the classic approach that is used in the literature to

characterise models that live in bounded domains. The key result in this approach is one

that enables us to compute the joint expectation of the polynomial process and an expo-

nential of an integral of a polynomial. We derived the formulae for the LIBOR, CDS and

OIS discount factors. We showed that this model well fits the OIS discount factors.

Our framework for the roll-over risk has many potential applications. Since the model

can be calibrated simultaneously to market data for OIS, IRS, basis swaps and CDS, it

can be used to price bespoke instruments relative to the market, including basis swaps for
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tenors which are not quoted by the market. Furthermore, since roll-over risk is decom-

posed explicitly into downgrade risk and funding liquidity risk, the calibrated model ex-

tracted information with respect to these two risks from liquidly traded market prices. In

countries such as Namibia or South Africa where there is an insufficiently liquid OIS mar-

ket, the valuation and credit assessment is a tremendous challenge. Our framework could

be useful for creating synthetic cross-currency swaps through which one uses a liquid OIS

curve as the base and applies a cross-currency basis swap to derive a local currency OIS

curve. Alternatively, one could perform model estimation based on historical spreads be-

tween overnight rates and swap rates to develop an OIS curve in a manner which makes

better use of available data than current practices in emerging market economies.

Furthermore, we investigated numerical methods for pricing spread options via Fourier

transform. In particular, we studied Hurd and Zhou’s (2010) methodology and imple-

mented various classes of models in C++. We replicated their formula by a novel deriva-

tion using a two-dimensional version of Parseval’s theorem. We tested Hurd and Zhou’s

method using Monte Carlo simulations, numerical integration in two dimensions, and the

lower bound approximation approach by Caldana and Fusai (2013). We showed that with

Hurd and Zhou’s method, prices fall within the 95% Monte Carlo confidence interval.

Applying this method in the context of model based on the normal inverse Gaussian pro-

cess, we computed the sensitivity with respect to the volatility, that is, Vega. We extended

the pricing to the fixed-income market, where we considered an example of pricing an

option on the spread between LIBOR in different currencies under a lognormal LIBOR

market model. Finally, we priced a call option on the spread between LIBOR and OIS

under the roll-over risk framework that was discussed above. Through extensive analy-

sis, we showed that Hurd and Zhou’s method is the most accurate and fastest method for

spread options. We documented how to implement this method in C++ where the Fourier

transform is computed using the “Fastest Fourier transform in the West" (FFTW) library,

reconciling it with its MATLAB counterpart iff2.
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Finally, we studied option pricing under a rough volatility/regime switching paradigm.

There is a growing literature on stochastic modelling under rough volatile environments.

In this study, we considered the implementation and pricing under a regime switching

rough Heston model combining the approach by Elliott et al. (2016), who developed

a Markov chain to a model the regime switching feature of the volatility in a Heston

type model, with the one by El Euch and Rosenbaum (2018), who extended the classical

Heston model to account for rough volatility behaviours. The motivation behind this

modelling approach is to combine these two phenomena into a unified framework and

investigate their impacts on option prices. We derived the characteristic function, which

depends on maturity T . This dependency considerably increases the mathematical and

numerical complexity. We derived an analytic representation of the Laplace-functional of

the asset price. Our result shows that these features, in general, have little impact on option

prices. We have proposed an alternative computation for the characteristic function of the

underlying marked point processes, and this can be computed using the nested trapezoidal

rule.
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Appendix A

Miscellaneous

A.1 Market data and market convention

The set-up and implementation of the model is currency independent. We collected

USD data only. However, the discussion applies to other currencies. We collect USD OIS

rates, IRS, and BS available from Bloomberg for maturities up to 10 years. The sample

period goes from 01/01/2013 to 12/06/2017. USD LIBOR panel has 17 banks. We

collected the CDS data for each panel bank from Markit for maturities up to 30 years.

The sample period goes from 01/01/2002 to 31/10/2017.

A standard practice of constructing the curve is to bootstrap. Typically, we have OIS

rates with maturities from 1 day up to 30 years. Since OIS swaps have annual payment

frequency, there is only one exchange of payments up to 1 year. Therefore to bootstrap

the OIS curve up to 1 year, OIS rates are treated as zero-coupon rates. With the day count

convention of Actual/360, the OIS discount factors are iteratively calculated as follows:

DOIS(0, Ti) =


1

1+δiOIS(0,Ti)
Ti ≤ 1 year

1−OIS(0,Ti)
∑N−1
i=1 DOIS(0,Ti)

1+OIS(0,Ti)
1 < Ti ≤ 30 years,

(A.1.1)

where δi is the year fraction of maturity Ti and where N is the total number of payments.

This OIS swaps of maturity less than 1-year have one calculation period, while longer-

term swaps are broken into annual calculation periods

For the USD IRS, the benchmark floating index is the 3-month LIBOR, which is the

prevailing 3-month interest rate for dollar-deposits between London banks and fixed side
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payments are made every 6-months. OIS the benchmark is daily Fed-Fund effective rate,

which is a volume-weighted average of rates on Fed-Fund trades arranged by major bro-

kers, and calculated and published next day by the Federal Reserve. The floating payment

is typically the daily compounded interest at each overnight rate over the calculation pe-

riod
N∏
i=1

(1 + δiri)− 1,

where δi is the length of each compounding day according to some day-count convention

(example δi = 1/360).

A.2 Global optimisation techniques

An important part of this thesis is to have models fitted to real market data. This pro-

cess is known as model calibration, which is essentially about finding model parameters

that make a pricing model fit best to given market data. It usually consists of an optimiza-

tion process. As an example for the roll-over risk model, we extract forward-looking in-

formation about the credit and the pure funding liquidity components from market prices

of interest rates derivatives.

The optimization process is highly dependent on the complexity of the objective func-

tions. This work deals with a nonlinear, non-smooth, constrained objective function.

Hence, gradient-based algorithms and Quasi-Newton methods are not of much help. This

necessitates us to find more general ways to achieve good results. The common approach

taken in literature is to employ global optimization tools to search throughout the entire

parameter domain and allowing transitions out of local minima. There are many of these

tools applied in practice. We consider Adaptive Simulated Annealing (ASA) which was

developed using statistical mechanics theory by Ingber (1993), see also Ingber (1996).

The method performs well in a high-dimensional parameter space and involves random

evaluations of the objective function. The method is fast because it permits an annealing
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schedule for “temperature“ T decreasing exponentially in annealing-time k given by:

T = T0 exp
(
−ck

1
D

)
, (A.2.1)

for c ∈ R+ and D is the dimension of the parameter space.

This is not to say ASA is the best global optimization tool there is, but for our cali-

bration problem it works almost perfectly . We have compared this with the Differential

Evolution (DE) of Storn & Price (2009), and Storn & Price (1997), which does not re-

quire initial an parameter set. This metaheuristics method works by having a population

of parameters. We have observed that in most cases constraints were not satisfied.
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Cuchiero, C., Filipović, D., Mayerhofer, E. & Teichmann, J. (2011), ‘Affine processes on positive

semidefinite matrices’, The Annals of Applied Probability 21(2), 397–463.

Cuchiero, C., Keller-Ressel, M. & Teichmann, J. (2012), ‘Polynomial processes and their applications to

mathematical finance’, Finance and Stochastics 4(16), 711–740.

Da Fonseca, J., Grasselli, M. & Tebaldi, C. (2007), ‘Option pricing when correlations are stochastic: an

analytical framework’, Review of Derivatives Research 10(2), 151–180.

Dempster, M. & Hong, S. (2001), Spread option valuation and the fast Fourier transform, in H. German,

D. Madan, S. R. Pliska & T. Vorst, eds, ‘Mathematical Finance-Bachelier Congress 2000’, Springer,

Berlin, pp. 417–425.

Derman, E. (1999), ‘Regimes of volatility’, Risk Magazine 4(12), 55–59.

Diethelm, K., Ford, N. J. & Freed, A. D. (2002), ‘A predictor–corrector approach for the numerical

solution of fractional differential equations.’, Nonlinear Dynamics 29.

Dubecq, S., Monfort, A., Renne, J. & Roussellet, G. (2016), ‘Credit and liquidity in interbank rates: A

quadratic approach’, Journal of Banking and Finance 68, 29–46.
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